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Sections' Titles [as provided by the author]

CONSIDERATIONS ON THE THEORY OF
DEMAND - MAIN PREMISES AND

CHARACTERISTICS OF STATIC CURVES
by
So a

1. Premise. 2-3.J.A. Hobson and the critiques of marginal utility theory. 4-5.
Ucility judgement for the whole socia! system. 6-8. A preliminary question on the
srudy of che consumer's equilibrium: the degree of rationalicy of economie behav-

- iour, resulting characteristics of the index function of ophelimity, in what sense che
demand curve may be considered sta tic. 9-1O. Another preliminary question. Ho to
justify che hypothesis of constane price (for alla units of a good sold). 11-12. A brief
exam of che individuai demand for a good, without explicit consideration of ocher
goods, changes in che equilibrium due to changes in che price of che good or to a
change in incarne. 13. On che condition for a stable equilibrium, cases in which che
change in demand has the same sign as the supposed change in price. 14-16. Link­
ing up che previous analysis with a more generai study in which che utilicy of all oth­
er goods is explicitly taken into consideration. 17. The stability of equilibrium in this
more generai framework. 18-19. Notes on che elasticicy of demand for independent
goods and the determination of the flexibility (at the equilibrium point) of the utility
c~rve for money and the utility curve for che good under consideration. 20. Hypoth­
esis under which the measure of utility becomes possible. 21. Specifìc remarks on
the demand for substitute goods.

l. An analytical study of the relations between price and quantity de­
manded which will lead us back to understanding the meaning of the proc­
ess of individuai choices requires some preliminary investigation into the fac­
(ors and characteristics of such choices. The utility of goods or analogous
and more complex concepts (indices of ophelimity) wvhich one resorts to In

Tbisaer was originally ublisbe«d in lalian as «Considerai; ";70 a oa dell, d . 1 · se e caratterstche e e curve s a-. h a tomanda, Parte II - Le principali premes! . l LXXIII XLVIII
hc e», in Giornale degli Economisti e Rivista di Stau5uca, vo · ' year '
1933 P 76 d by M .. L' s' p. 5-807; translation edite ar)I me · • { introductory criticai~ ",jprecede4 by ano«ber «cri«de, obi op«y·";";;;~i, e«ora leta de

t11ar s Th · 1. . l d . Comi erazrom tn .
"1a d · rs ear rer artte e appeare as. « . . d I prezzo», in Giornale degli"o Pare I - Rlievi criii sala dtemine$,4i, 133, ». 3048.
onomisti e Rivista di Statistica, voi. LXXIII, year "v "
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sent che basis of different concepts which are i
cheoretical e";,"?$;Z. #re are subdle problems as to the rei
pcomuadi%""",'iore4 sd concerete realiy. Moreove±,
berveen the theoretica! toc 3f cl·ifyir vh di
. b al s serious problem o e an mg w y an in what in.is the not new ut ways th · f · I k

I ·r·mately assume che hypothesis o a smg e mar et price:stances one may egi 1 h · I d d ·
h h that allows one to derive from t e smg e 1eman curves onea ypot es1s a

that is valid for the cntire market. . . . . . .
B f, di ·ing the consumer's economic equ1libnum lt m1ghr then bectore IISCussIu...

in order to bricfly examine the above-mentioned questions and identify the
points of vicw which appear to be more correct. To this effect we shall fol-
low this line of rcasoning: . . . .

a) Firstly, we shall revie (sections 2-) the criticism against employing
«marginalistic» methods in the analysis of individual behaviour; we shall als
mention the doctrines which apply the concept of utility to social phenomena;

b) we shall verify che basis of utility itself (sections 6-7); and we shall
thcn be able to specify the static nature of the demand curve (section 8);

e) finally, wc shall discuss some opinions regarding prices which vary for
successive quantities exchanged of a given good returning to the problem of
the determinateness of contracts (scctions 9-10).

Thereafrer, the ground will be clear for the study of the elasticity of de­
mand, which wc shall try to conduce according to a simplified but at the
samc time generai and comprehensive procedure capable of accounting for
certain exceptional cases.

2. In order to consider first of all the arguments put forth by critics of
marginal utility, it is advisable to start from a paper by J.A. Hobson who ef­
ficiently develops them in order to shov that -- after Jevons - economists did
nor succecd in completing the master's system, nor in resolving the main
~roblem of cconomics i.e., that of collective welfare'. Hobson argues that
since Jevons placed the concept of utility, or satisfaction at the theoretical
centre, and s!nce «margina!» utilities were valued according to che quantities
of goods available, a body of doctrines should have been developed to com­
pare - more satisfactorily than Jevons had done - individual satisfaction with
the related psychological costs. This would have served, furthermore, to «hu­
manise» theory by solving the problems of distribution (through qualitative
evaluations) and to a pict I f h • f h

I ure not on y o t e economic welfare but o t e«tota welfare»2 This d I h h
· eve opment as nor occurred. On the contrary t e

1 A. Hobson, Neo-classica] Ec . . B . .
337-383. ·onomics in Sritain, Political Science Quar/erly, 1925, PP·

2 On the necessity to unif th
don, 1929, chapter III· L R ~6. e concepr of welfare, see Hobson, Wealth and Li/e, Lon·
1932, • 11, foomnoe À,""_?"re «nd Significane o/ Econome Siene, London.

ding to igou, The Economics of Wel1are 3rd edition, P· 20, in·184 'I' '



marginalistic method was perfected in its exterior c0r (W' k dp· ) th orm 'Ickstee J B
Clark Davenport, igou, etc. , witl the disguised intent' f . 'fy• ' .b.' f f h · · Ion o Just1 mg y
he mere act o t e1r coex1stence, some typical ph f "
t • . I . enomena o present day
Ociety and m parucu ar rents and quasi-rents' Hobsor f I Il ds h d • lf . , n eels ca e upon to

Condemn the met o ltse as mcondusive or as an untr t h f. us wort y weapon o
conservat1sm.

Hobson buttresses his argument by adding specific argu .:. +4. . . uments agamst t e
concepts of productivity and marginal utility. As to productivity he basically
restates what he had already said in his previous works and had been, at
least in part, refuted by Marshall: that there is no direct relation betwveen
marginai product1v1ty and the remuneration of single factors of production;
and that the market supply pnce does nor coincide with the cost of the mar­
ginai produce but is equal, instead, to the normai, or average, cost of the
representative firm which all existing firms aim at as che ideai production
unit. This latter proposition could be reconciled with Marshall's doctrine
were it not linked to the statement that, in static curves, what matters is only
che knowledge of such ideai conditions of production. This excludes ali mar­
ginalistic criteria, since marginai adaptations could nor be theoretically taken
into consideration except for a (dynamic) alteration in the entire process of
productive organisation.

Analogously, Hobson states - with regard to utility - that the process by
which che marginai utilities of che various goods are compared and set pro­
portional to prices is specious and unrealistic; and that attention should be
placed instead on the standard of living, seen as a «unit», which represents
the result of an «organic» evolution for each individuai - an evolution that is
basically the same for all individuals belonging to the same social class. He
also thinks that it should be ruled out that marginai modifications, as postu­
lated by mathematical theory, occur in infintesimal degrees. In synthesis, this
is the thought of one of the most perceptive and lucid critics of the theories
under examination. It includes and effectively connects all the objections
that have been raised in this regard: those concerning the application of in­
finitesimal calculus which is seen by some as an inadeguate tool for the
study of economic phenomena; those which deny the validity of comparisons

st id h • · elf ,h· h therefore depcnds on economieea , t ere exIsts a parallel between econonuc w are, '' te
factors and on ove ali , lf· •r \\ e are. . h d t render economics

Hobson, Neo-classical, cit., p. 355, marginal calculus as attempte ' g 3lain the
«a serviceable instrument for the defense of the existing economic system by tsp a} g
economy and harmony of its normal working». . f . fr. Edgevorth in Pa-

-1 M h Il · . .r · 409 and followmg ootnote, e •
,, arshal, Principles o/ Economico, P. 381.384. The use of the concept of

Pers Relating to Political Econoy, London, 1927PF,_ a, 4uilibrium; by analogy wvhat
«margir il d ·:.:. . 4, th study of the trms eq ' .n "l productivity» is necessary tor the S ,] derivative of the ophelimity function is

be detailed later about the nature of the secon
also relevant.
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. . al uses of incarne (or monetary capita} invested .
b the various margm . h . 1netween d h .. ·ified the unitary essence t e economics of thd . ) an avmg ver . h. h k eroducno ,, f ), find revelant only theories whic see to understand
con9me,"% }}" ""{{i such a economy; ad finally those vhiceche h1stonc eve opmen f h . d. "d l . b s-. h 1. ·ced to the behaviour o t e m 1v1 ua IS oth steriltain that a theory lumi thi tb +e

d l d l ment that such a theory has not mg to say a out welfarean use ess, an a
comparisons between individuals. .

3 S of these criticisms can be easily refuted. Thus, the fact that indi-
. ome bl · h il.·d l h ve no real cognizance of or are una e to percerve t e utulity of al]vduais 1av sé th ·Al] d " lidnts and all combinations of goo s , t eoreuca y oes not mva 1 ate che

amour dli- :d thi- .:. idluse of infinitesima! calculus. Pareto has un er me c 1s pomt VIVI y and re-
peatedly rcjecting chose objections which relate more to che singular configu­
ration of specific instances than to che true and mner essence of the theory.
In fact, che latter considers che case of extremely divisible goods because it
oftcn occurs that divisibility is particularly accencuaced and because it is
sometimes possible, with obvious adaptations, to explain che exceptions
within the same theoretical hypothesis. Even leaving aside the fact that the
above-mentioned difficulty disappears when the total effects inherent to che
market rather than the individual consumers are taken into consideration,
the very samc individuai buyer can stili resort - at least for some specific
purposes - either to the valid instrument of calculus or to a clear estimate of
the curves of indiffcrcnce. In genera!, chere are in fact differenc qualities of
goods which cannot be divided, being such chat between one and another
there is only a slight difference in price and therefore it is possible to allot
vanable quantmes of moncy (variable either continuously or almost continu­
ously) to the purchase of a given «cype» of good7•

5 As is well known, besides s · I d h (O S . . . . •. lis ' some isolate aut ors . pann) it is the American instutu-
ionalists Veblen, Mitchell, etc.) who have stressed this tendency. They do not limit them­
se vcs co a crucal revision of eh e d. · I h · • · h )b h d . . e ra mona t eorics (as 1s the case for instance with Knig e
21",""},,""" pgesso.» rcy.i@, se ife sory1. ve«, Ts ufo

1925; a 4,"",,Y a is Critis, Joural o/ Poliuial Economiy, August and Decembet,
1rounde criticism is tha f B.M. Ande rdi10 whom, by resoring to the " o · : n erson (refuted by Vincr, p. 384) accor ing

ears flaved by a 4, _P""S " Should instead explain, the theory of marginal utiliy aP
prmc1p11 or an hit . I I · u· eealso the lessons given by G Pi ·L• .1. • s ~nca evolution of the theories on utility S

6 s1 ·11 h" d . rou, U/r rie margmale, Paris 1932
i to t ts ay many au1hors ra I . h h. . . • .

Viennese School, about +h 8PP e witl this difficulty: thus the members of the new
whom see the recent and I d · d Lacomplementarietà: prima d Il carned article by PN Rosenstein-Ro an,. · e e tre tappe d I d · · .-r.socrale, May-June 1933 Bui di _e progresso ella teoria economica pura, Rr;or111a

h. f · regar ess of ns dcfi · ·e ies» o the goods - the h h . . ~ ic1enc1es - especially rclating to the «h1erar·. . b :. ypothesis of continuity l . . e·non m ns as1c foundations. ma es t possible to embrace the phenorn
. 7 In a system of indifference curv ~ .

tain type of good and thai invested in o~e~r the vanou~ combinations of money spent for a ce
186 goods konsidered in their totality) the point of equi·



Nor is machemacical theory weakencd by th b .
. f h d e observation that both theconomics o c e consumer an che economics f f· .

e h THi ' 0 a Irm are to be considred together. 1s requirement has been taken · t b ·e h I I . . m o account y the mathe­matical sc oo - ac east m Its more developed form _ b . f .
h f h . Y assummg Or In­

Stance e at as ar as c e consumer is concerned, opheli · • f ' . f'·~lbl H th , eumuty Is a tunction o
goods ava1 a e. owever, t e function is to be understo d I • h. · h · h b · . o as re ative to c eindividual» who is the asic element in the study of iilibr: +di. . . equ 1 num an 1ts
Possible vanauons (see my first article in Giornale degl · · • J· economst, an.
1933, par. 3). Here lies the crux of the marter: even though influenced by
eminently social factors and m part dependmg on the prevailing taste of che
group to which the subject belongs, the real taste of any economie subjecc is
auconomous to such an extent as to allow - boch for che individua! and for
che entire market - a genera! framework of forces and movements by which
the equilibrium can be explained and decermined. le appears cherefore chat
the theoretical study can be effectively conducted: which of course does not
mean to deny the importance of statistica! studies or hiscorical-sociological
observations whose nature and ends are profoundly differenc9•

Nevercheless, che problem is more vast than it may appear at first sight.
Admitting that stacics must consider possible departures from che equilibri­
um as autonomous (for each individua!), ic is necessary to determine the ex­
tene to which economie behaviour is rational. This is a subject co which we
will return in che following sectionss. In che meantime lec us note that ac­
cording to che now prevailing opinion of scholars" personal tastes do not

librium lies where a 45 degree line passing through the initial point becomes tangential to one of
these curves. Such a representation, which obviously presupposes a knowledge of ali the prices is
useful in explainingJ.B. Clark's stacement (Pri11cipes d'éco11omiq11e, Paris, 1911, pp. 99-103) that,
if a given good presents different utility (being of a superior qualicy), che buyers deprive them­
selves of a sum of money that for the part corresponding to the last added utility - with regard to
a similar good which is of an immediately inferior quality - is exactly proporionate to the ob­
tained utility. Analogous remarks may be found in G. Borgata, Di una proprietà generale
dell'ofelimità, Aidella Accademia delle scienze di Torino, 1911-1912, p. 17 of the off-print. In his
article On the demand for Rival (or Substitute) Commodities, Econometrica, 1933, pp. 181-189,
Ricci illustrates these concepts with a special graph where the (supposedly independen) utilities

of the competing goods are compared with the utility of the money needed for their purchase.
8 See among ochers L. Einaudi, Osservazioni critiche intorno alla teona deU ammorta•

memo dell'imposta, Aui della R. Accad. delle sciene di Torino, 1918-1919, para. VIII: ~P­
I086-1088; R.A. Seligman, Principes d'economie, Paris, 1927, vol. I, pp. 218, 225, etc. Disin­

. h" ' / d ·1· . Seligman incorrecly calls soaa mar-guis tng the various mcans of the tcrms value an utlty, c 1 . . h ed h
+] ·qq. 1d 1ds to the quantities exchang on tuegma u11 lty whac is accually individuai an correspon s

market with the participation of ali individuals. f . · a result of
9 Ali . h ourse o! time, sometimes as. that concerns the change in tastes over t e c . • h V sects. 4-6, and es-

pol111· . I · . . f h • Robbins, op. at., c · , · •ca mtervcnuon 1s not a part o pure teory. "
Piallypp. 115 ad (~. , 1.2, Robbins, o. et., p. 89. Pre-

U.Gobbi, Tratato di economnia, Milan, 1923."% ;;455. 16.
viously, Edgewvorth, Mathematical Pychics, London, 1881 (l P
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il h any egotistic motivation; nor are they bound to any p .necessarly ave :. f ili: :. :.:. ~[: ?arti
h . b t che quantlty ol uttuty, smnce It 1s su 1ciem to e ·lar hypothests abou th ·ibl bi. :. Teter {

. ('v,. k d) and dassify all e e poss1 e com mat1ons of goods (P odesire WIckstee rd f 4, Th 'arte' . d f ction) according co an or er o prererence. us, some .co s InIeX- un d • I · h . ' 9Ues. che nature of utility'' an 1ts re auon to t e satisfaction f 4,nons as co . . t e
senses" are also elimina»ed. More9y+,3"PP98° "P7""p$@y o insist on «.
f h ill.brium cheory in irsel re ects t e rea con 1tions of produ.:ace t at equ . . ct1on

d che distriburion of wvealth, but does not attempt, nor 1s 1t an adequ
an · 1· al h h H b · h ateinstrument to justify che capita 1st system t oug o son w1s es to demo .

' . nstrate that such is rhe theory s aim.

4. Thus we arrive at che difficulties concerning che collective welfare.
The accusation of insufficiency which, on account of chese difficulties, has
been levelled against che theory of utility (for che individua!) is not in itself
significant because Hobson! and the other critics of the above-mentioned
rheories do nor manage to adequately solve this serious problem themselves.
In fact, in order to pur che problem well into perspective it is necessary to
accept che theories that have been criticised. To overcome the «no bridge»
obstacle is indeed impossible in che field of pure economics. Or better, the
connection between different phenomena, the search for causal and interde­
pendent relationships, che determination of equilibrium - which are the fun­
damental tasks of pure economics have nothing to do with an evaluation of
facts over all individuals: since this evaluation requires a criterion able to
compare che sensations of different individuals.

Bue a complete theory of utility tells us that while there is no universally
valid objective criterion for comparisons based on facts or on human nature;
there may, nevcrtheless, be found countless criteria in relation to the con·
crete ends which «collective»' utility realises. It is therefore useless to dis-

11 Some are mentioned by A. Fanfani, Natura e concetto di bisogno in una visione intc
raie della realtà economica, Economia, Sept. 1932.

1 T#is should include sarisfactions of an intellecrual nature or those of desires stemmi
from emotions (vanity, etc.). At the moment of exchange, the only moment that concerns th­
ory, satisfaction is anticipated: it may actually occur and in a quite unforeseen manner, at CO"
siderable distance in time (see belo secr. 5; and Viner, op. cit., pp. 647-650; Pantaleont, Ero-
temi di cconoia, Bari, 1925, vol. I, p. 352; vol. II, 28-29)

13 See rhe last pag f h d ' • · ' pp. · • 1 Pigoues O t e quote article. Hobson does not appear to mterpre
correctly when he assere ( 376} h h I , • 1· ired 10
h

5 p. t/at the atter s analysis of economie welfare 1s imt e consumer.
1~ As Pareto has demor su 2d, val • • • • . seif· d lr the ns ratea, any evaluation of utility is to be seen in relation to

JC en s. n t e case of ec . . h . . . . . ) . che onethat canno be , 9oc actions, the individua] evaluation (of ophelimiy) ",alo e questione and th di h · d,vr 11 'and w,.,h · th l' . b' e con itions which maximise ophelimityfor each i ,4
n e mts set iy the b .:. h ·er malso be subject t • d e system may e searched for. The same acttons owe I III

0 Ju gments of collecc· il' ( f . . • 1e vo · '
Pp 2111 2135· h ive ut tty e r. Trai/alo d1 soc1olog1a generai,• •1·n1· · . Ioever we ar · d h . . • m utt i.,' e tntereste ere in judgments inherent to the maximU
188



Cuss collective welfare on the basis of arbitrary person I · • I .. . a cmena. t Is not
seless, for mstance, to mterpret and analyze a certain criterion (f th· ) h;h · or e pur-
pose of comparson, whuch, in some given circumstances wheth

1. I · h 1· , , er present or
Past a ru mg e ass eIt er app 1es or a1ms at applyi·ng Nor · b • •, . can lt e a pror
led out that such an undoubtedly positive study translates into figures, that
is co say m terms of utility, the comparative positions of individuals and that
of the entire social structure.

For this reason it appears unadvisable to indiscriminately reject all com.
parisons of uulity of different persons from the field of applied or political
economics. If they correspond to conditions and historically demonstrated
criteria such comparisons are not unjustified; and ic is certain chat since they
require the knowledge of economie theories and facts, only the economist
will be in a position to conduce them. On the ocher hand ic is obvious that
because of the very difficulcy of verification, it should not be expected that
such an investigation is of a rigorous nature.

The old question of proportional versus progressive taxation, for exam­
ple, cannot be solved without using some of the above-mentioned criteria.
These may indeed be called political"? but whatever they are called it would

/or rhe collecrivity, and not of the collectivity as a whole. The way to approximate the maxi­
mum collective utility is obviously that of altering the constraints which in part depend on che
laws and the State's political action.

15 See the recent article by L. Einaudi, I sommi principi utilitaristici e l'imposta, Riforma
sociale, 1933, pp. 474-484. Clarifying what is, strictly speaking (due to taxation), the objecr of
study of public fìnance, Einaudi includes among the ends of public finance che criterion of
distribution of the total burden of taxation (pp. 482 and ff.). The proposition is important
since it showvs the connection benween collection and use of taxes, which are both instruments
of national economie policy and resuh in uneven advantages for the individual classes of tax­
payers. In this regard we may inquire as to the impact of the criterion of rationality in taxa­
tion recalled by the same author in a previous article (Il cosiddetto principio dell'imposta
produttivistica, Riforma sociale, I 933, pp. 378 and ff.). According to Einaudi that distribution
of taxation among taxpayers which results in che maximum degree of wealth may be called ra­
tional: wealth in relation both to the consumption of income for the attainment of materiai
and immaterial goods, and that of their production (in pare depending on or conditioned by
public services). Now, in such a scheme, the comparison of marginal utilities - which really is
one but not the only aspect of the evaluation carried out by che State since the presumed pro­
ductivities of the public service must also be considered - is carried out by the State as repre­
Sentative of the individuals: and this representation does not consist in the mere interpretation
of the individual scales of preference (something which while not absurd presents serious dif­
ficulties and clashes with the no bridge'principle), but is carried out through a process of
«correction» of those scales which are thus co-ordinated with an organic system ot ends. It
must be noted moreover that even when the (modified) utility scales are supposed to be
knowvn, the determination of a given taxation burden for each individual does nor stem direct­
ly from them. On the contrary the equality of marginal utilities for the par of individual in­
come devoted, the hd iblic services, and on the other to private goods cannot
be , on t e one an to pu 1 • e h di i f · (f

determined unless we know che general criterion used for the istn u11on o taxat1on or
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d b b rt e and advisable co specify at least the most importantno ou t e oppo un 1 h . ll
d h Co formulae and chen app y t em rauona y as validones, to re uce t em . • ll k e'I t to che given economic policy. As is we nown, a re stepscomp emen s t. h · · · 1 f

I h. h h been caken both with t e vanous prmc1p es o sacrificet6along this patt 1ave I] 3Ii'il 1dii 1d
which although too rigid have an historica po mca tra mon, an with the

t. of a marginal utility curve for mcome for all taxpayers. It haconstrucuon 5f f ihi;h h
been observed!' that not only the criterion ot sacrttce whuct one chooses to
adopt bue also che construction of the utility curve reflect ~ pamcular way of
comparing che sensations of individuals: in fact, the curve is at least subordi.
nate to che principle of equality among members of the collectivity having
certain income". But this itself does not appear to determme a weakness in
the attempts made so far. The principle may be reasonably adopted in rela­
tion to che consumption of income. The attempts made to mclude the prob­
lem of taxation within a «utilitarian» vision, instead, seem so far to have been
flawed especially because they do not take into consideration the (psychic)
cose incurred in obtaining che income: a cose which varies according to che
specific kinds of income (salary, rene, etc.) and muse therefore somehow
counterweigh the utility, that is, che satisfaction derived from its use.

5. The problem of collective welfare has also been examined by ortho­
dox economists, that is those who do not stray far from che main body of
scicnce. Some may indeed exaggerate in calling their constructions unfound­
ed. But actually they do not lack contact with reality and reference to che

various quantities of total revenue). Similarly in the purchase of goods on the market the con­
sumcr must know thc prices in order to compare the various marginal utilities. Betveen the
two instances however there is the difference that the market prices - which are the same for
everyonc - are ultimately the result of the competition between buyers, whereas there is no
such interrclation in the case of incarne tax. Thus we can say that this marginai comparison,
far from determining how the distribution of taxation takes piace, only servcs to ascertain, as
a kind of test, the coherence and thoroughness of the governmenr's financial pian. And at any
rate the test is only a thcoretical one sincc, given the factors involved, it seems unlikely for
to be put into practise. Therefore we must limit ourselves to simpler, albeit imperfect,
schemes such as those that take elementary criteria that are part of the ends of the State's ac­"Vi9, and deduce the nature of taxation whether it is more or less progressive.

The most comprehensive analysis of these principles is that of R. Frisch, Neo Methods
o/Measrng Marginal Uiliiy, Tubingen, 1932, h. 11.

/
,. Cfr._ Robbms, op. ci t . , footnote p. 126 and L. Einaudi, I s o m m i p r i n cip i i u t i l i t a r i s t i ca

mmposta, ct., pp. 481 and ff.

f
18
hAs _t0

1
the ~~uality between owners of different income - and equality wwhich appears

rom the single utility curve devi±ed f ,, di 5s· b • fl . . . . se tor everyone - I have already had the occasion to liscus",""","""is a arile by Ricci (in Giornale degli economisti, July 1932): 1 evisassd
t ere t at t e equa 1ty would d · f h f ' h·1· · f Il h . . envc rom te act that since it is impossible to measure t euttttes o «a » t e smgle poni f . . . •fjons o1 mncome, its utility curve cannot have any other signi •·canee except that (throu h · · · · ·
situations of indi~4,,_ "S" an Intuitive process) it includes and links together the hedonisti­

Iv ua s enjoying gradually decreasing incomes.
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opinions that appear to prevail in a modem society about the way to com­
pare the satisfaction of the rich with that of the poor. But certainly it must
be recognised that in the constructs many procedures and hypotheses do
lack a positive foundation.

For example Edgeworth's hypothesis whereby the amounts of pleasure or
f suffering constitute for each individual the «perceptible minimum»" ap­
pears both arbitrary and excessively abstract. Also equally inadeguate is Pan­
taleoni's analogous statement" that for maximum collective utility one ought
to proceed to the distribution of goods according to the «hedonistic sensitiv­
ities» of the individual. Pantaleoni's concept of the hedonism of a species21
with which it would be possible to evaluate individuai actions in relation to
che welfare and progress of the collectivity is also too vague.

Nonetheless there remains the well-known concept of Marshall (resorting
to the monetary unit to measure satisfaction) perfected by Pigou, with spe­
cial regard for those fine tools of investigation which are the «marginal de­
mand price», «the margina! supply price to the industry», and the «margina!
supply price lo the communily»22• This is certainly not exempt from criticism,
especially when one tries to attribute to the above concept too wide a field
of application to it. Although at present it does not provide a flexible and
therefore useful criterion of comparison, Marshall's idea appears, nonethe­
less, susceptible to further development and correction, precisely in view of
its simplicity and concreteness. In my opinion, it is above ali necessary to
clarify che extent and influence of the most characteristic of economic phe­
nomena for each different socia} stratum; and to then attribute a variable im­
portance to che monetary unir in relation to individua! income. Thus,
through reasonable hypotheses - which are narurally approximate but never­
theless adhere to a communis opinio, and to the ideals of a liberal, corpora­
tive society, etc. - it should be possible to fill the gap between the objective
signs of welfare and its measure as a sum of satisfactions23•

19 Mathematica/ Psychics, cit., pp. 7-8; and p. 124 for the comparison of this criterion to
another by Sidgwick. .

20 Cenni sul concetto di massimi edonistici individuali è collettivi, Erotemi, cit ., vol. II, p.
29. Pantaleoni's study is inspired by Edgeorth's concept which it tries to interpret through
plainer, though not entirely rigorous, arguments (para. III). The most original par consists in

the dual classification of hedonistic maximums according to the end and to the means of their
realisation, and in the various examPles of para. V illustrating the meaning of such classifica­
tlon. In later writings, Pantaleoni showved his adherence to Pareto's doctrine on tbe maximum
ophelimity for the collectivity (Erotemi, cit ., vol. I, pp. 219 and ff.). ..

21 Principii di economia pura, 2nd edition, 1894, pp. 29, 38; Erotemi, cit., vol. II, p. 5.
' See the mathematical exposition in The Economics ofWelfare, App. III, para. 1-22- ,
23 I I . . h f h iations whi ch cannot be evmce. t wou cl be sufficient to determine the ense o t e vara al

with c · f . . • (V" p cii pp 658 and ff.). See soertainty trom only the objective suggestions 'iner, op• » ·

Edgewonh, Papers, voi. II, pp. 321 and ff.
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t Che main subject of this study: price phenomen•6. Let us now rerum o a
and the behaviour of the consumer. . d h .

We have previously stated that in obtaining goods the economic subjece

h 'd f choices. It has also been suggested that the difficulty 6fas a wide range o ' ·id d f]; ' h 1.

d·fy· h 1mption of all goods considere 01e 1m1, w en a disturbmo 1 mg t e consu d f • ·. f • t enes or evcn of moving from goo s o one kind to analomg accor m erv , . . d h f · · ·
d f n l·nrcri·or kmd 1s a secondary an t ere ore negligible phegous gools o1 ar ue " • •

· a general theoretical synthesis. Now, however, we must seenomenon m · ·f ·
che individuai makcs his choices rationally; that is i he always tnes to satisfy
his tastes to the highest degree and whether these tastes must be taken a
knowvn" and in whac measure, for the determination of equilibrium. De.
pending on che answers to these questions in this or that way we arrive at
differenc scacic configuracions of the economy, at least with regard to con­
sumpcion. We also implicicly give answers to other serious problems, espe­
cially concerning che possiblity chac the individuai may make errors.

Through che observacion of reality wc find instances of actions that are,
to a greater or lesser extent, rational. We cannot therefore derive (from ob­
servacion) a unique and well-defined criterion enabling us to establish wich
cercaincy che fundamencal hypocheses of che cheory. At most we can abstracc­
ly conjecture the invariabilicy of castes through time, therefore leaving out er­
rors, regrets, «economie remorse». Before chat limit is reached we can con­
jecture other hypotheses, e.g. that the individuai may act vithout full con­
sciousness of utility or at times know imperfectly che objective qualities of
che goods, being guided in pare by intuition, especially when the economic
pian rcfers to a long period of time (che cases of savings and durable goods).
Wc muse ncvercheless rule out chac economie cheory may consider the behav­
iour of individuals as encirely impulsive or unintentional.

To assume the tastes to be known amounts to taking them as «facual data». I ill lar­
er clarify the meaning of this expression; but I should make it clcar that the theory of equilib­
rium though someho requiring the knowledge of tastes does not require an understanding of
how they were formed; which at any rate does not appear to be subject to rigorous laws.
Therefore to imagine the individual as «without expcrience» and to indicate then how he
gradually forms his pi· d k · h" f. . an an ta es mto account the complementarities and hierarchies o
goods and their multiple uses, is no doubt useful for a didactic systematisation but does no
appear to lead to a valid theory, th I · · f · h ryN . . • rat er to a complementary illustration o economie t eo ·
hor_ cda~ _1dt be said that there are two problems: that of a complete ex novo determination o
the mndividual economic plan and th { . • :1s. . . n tat o mere marginal adaptation with regard to a prevou
pos111on. There is only one probi be h . b x-

l · d Th bo . em cause t ere Is One concrete fact that must e e
plamne. 1e at ve-mentioned d lit h b • h e Id
R . ( . ua ny as een envisaged especially by Mayer and Se onie ·
osenstein op. cii , pp 289 and ff 298 • · he

theory f ·ili i, Eo >,06 and ff.) considers it a basic innovation i "",0 Utl lty, Ut I( seems to b · n· · h V 67 in
Appendix 16) that i rde , "" contlict wvith Pareto's observation (Manuale, I, a

In order to lefine a poi t f ·~];[5r:. :. ·h icteristics it is enough to k h m O equi I num and to investigate its c aranow t enot very : .
In Rosenstein's study Xensve area surroundmg it. .

Davenpon, Feer, ;~,,"""" bove, the differenr formulations of the theory of choic°
, s ee , etc. are clearly dealt with.
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The most opportune hypothesis for a theoretical system is to be decided
:. relation to the elemcnts mvolved.10 d . . hIf wc aim at tetermmnmng the generai economie equilibrium of both pro­
duction and consumption and for the whole market, we muse assume a con­
siderable stability in the tastes of the consumers. In Pareto's conception the
stability of tastes is complete: this is coherent in his Manuale the Manuel
(Appendix) and Economie mathématique. Rosenstein's opinion that in the
latter two works a new idea on the character of choices is developed2~ is in
fact debatable. It seems more correct to think that in these works the only
concept that is developed 1s that, for the determination of equilibrium, rhe
notion of ophelimity is not needed.

Thc Italian edition of the Manuale clearly staced that there are countless
functions which may indicate ophelimity in the sense that the relations be­
twveen the individual and the goods are explained equally well. In che Manuel
and in Economie mathématique it is shown that this is so crue that if these
relacions are ali posited as real (that is having occurred in che past and none­
theless referrable also to the present because of che hypothesis about rhe sta­
biliry of tastes), it is enough to know them to deduce an index-function ca­
pable of showing how che individuai reaches an equilibrium point. In sub­
stance, in his last works of pure economics, Pareto simply wanred to accen­
tuare che independence of che theory from psychological premises: scarring
from the facts27, he showed how it is possible to construcc, or reconstruct the
index-function. Therefore, this does not mean chat choices precede utility or
that economic behaviour is irrational28; it only means that the index-funcrion
and rhe concrete choices are in harmony: che first reflects rhe second. And
rhe rationality of behaviour is che direct and immediate consequence of the
fact that it is a question of repeated actions??.

2 Ibidem, footnote pp. 262 and ff., pp. 273 and ff.
26 Encyclopédie des sciences mathématiques, Paris, 1911, pp. 595-597.
27 Sect. 3 of Economie mathématique and sect. 5 of Appendix of the Manuel clarify ho

an index-function of ophelimity for che zone surrounding the point of equilibrium can only be
obtained hypothesising that there be changes in ali prices. .

As Pareto notes, it must be said that the problem of the order of consumption (about
which see Ma1111e/, Appendix secis. 14-19) may be left out of consideration because to every
combination of givcn quantities of goods there corresponds a certain mode of use (order and
association of consumption) which is considered optimum and therefore adopted by the eco­
nomic subject. Because of this consideration, the objection raised to Pareto's theory (Rosen­
stein, op. cit., pp. 278, footnote, 305, etc.) because it had not taken into account thai the
modes of employment of the goods are unknown, appears to be unfounded. The unknowns in
question are uniquely de1ermined by the determination of the purchased quantities.

28 R, .oscnstcm, op. ct., pp. 273-274. .
? Economie mathématique, cit., p. 604: «Economics only considers average and often re­

Peated phenomena». In the absence of indications to the contrary, this sentence must be in­

1erpre1cd as similar oncs found in the text of 1he Itulian and French edi1ions of the Manuale.
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7. But Pareto's above-mentioned. hypothesis of a complete stability of
tastes does not appear to be indispensible.. : _

. f all • h Id be noted that in a certam way 1t undermmes the atFirst o , It s ou f h h . "
l. . very arbitrary element rom t e theoretical scheme. Intempt to e 1mmate e . fu • f . ·

f d. to Pareto to deduce the index-1 mnctions o ophelimity fronact, accor mg • · al h
h te Choices is to make evident the experiment claracter of the
the concret :. fhi ded
theory; but ho can the logically necessary premise ot this deduction be jus.
tified? Isn't it true that it in turn consmutes an arb1trary element which is
not subject to demonstration? . . .

Second, it seems advisable to avoid using the above-menuoned hypothe-
sis since it is not only arbitrary but also quite contradictory. It posits the sta­
bility of tastes for a period of time that is «not short»;. and duri~g which in­
dividuals are also supposed to be able to undergo multiple experiences. Nov
it is easy to see how the variations in income and costs which make possible
such experiences are conditions which are not likely to leave tastes unmodi­
fied.

It is therefore unfounded to hold that in the very positing of generai
equilibrium che tastes of individuals, while being connected to past persona!
experiences, are not completely determined by them. A certain margin may
also be left to the intuition of utility which today is favoured by powerful
means of communication (advertising, etc.) and mainly derives from the ob­
servation of the behaviour of others. In these hypotheses, the index-function
of ophelimity becomes a primary datum'0 which precedes choices - and can­
not be in conflict with the ones occurring in the time interval taken into con­
sideration - and is moreover subject to a slow and continuous transforma­
tion due to the ne experiences. Thus, at all moments these never entirely
consolidated individuai tastes concur at all moments in determining the equi­
librium which would be arrived at had they and the other conditions (obsta­
cles) not changed".

The first section of chapter III states: «We simplify the problem if we assume that the subjec­
tive fact adheres perfectly to the objective one; and we can do this because wve only take into
consideration repeated actions; which also enables us to assume that the nexus betwveen aC
tions is a logical one».

The appendices of both the Manuel and Economie mathématique illustrate this concept,
which is also expressed 10 the articlcs publishcd in the Giornale degli Economisti, 1900 and
1901, Sul fenomeno economico, and Sul principio economico,o The datum is · e • •
f .

1
• • . •pnmary, Ot course, tor theoretical purposes. In practise, the compan1son

ot utilities is only valid for m ·- il d · bi :. , .. the sib 't f h argina a aptattons; ut smce tt does occur it involves tle po

P
1 rty ° Cany otf :r evaluation included in the index-function. In his wvell knowvn polemic with
areto, roce tailed to reco ±hi hi h . ·ng

th. h · d' 'd al . _gnise 1 15 w en e demcd the scale of subjective values asserti
at t e m 1v1 u «IS dealmg o I . h . li thers
h. h • fì . e • n y wI an acuon he has accepted and excludes a 0

wmuct are mntinite for him and r ] ;f, B. Croce
Materialismo storico ed T€present only un-chosen actions (non-values)». Cfr. . rO "

T# ., Ooma marxista, 3rd edition, Bari, 1918, p. 248
ese cons1 erauons com I h I h . ' ' · · re toP ete w at ad occasion to present in part I as a no
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Bue, on the other hand, we should not forget that if a ·· . · precIse norm can­
not be given, the basis of experience - assumed, as already stated in a great­
er or lesser degree dependmg on che problems in question _ must be quite
solid and prevalent for general economic equilibrium, lest the theory be al­
most completely invalidated. In the examination of particular problems, in­
stead, more frequent and rapid changes in tastes may be assumed.

8. Keeping in mind the preceding remarks which aim at establishing che
precise foundauon of the evaluation of utility, the formation of the demand
curve takes on a clearer meaning.

Each of che curves formulated by the economic subject for each individ­
ual consumer good reflects the whole of his tastes: che overall view of the
utilities is unified and may be stated to be che essential characteristic of the
demand curves. But as, on the one hand, new needs arise and on the other
the utility of goods gradually changes, the corresponding curves also gradual­
ly arise and change over the successive typical intervals of time. The merit of
such a conception of static analysis which does not rule out successive modi­
fication while leaving aside the consideration of what happens or could hap­
pen (virtual movements) during a given interval of time is immediately evi­
dent. As Schumpeter saysJ2, the field of statics appears «much widened by
the fact that it is not a condition of stasis». It is also clear that among the
basic forces of equilibrium (which may be theoretically assumed, bue as a
tendential equilibrium for each interval of time), those which appear in the
demand curves (see Part I) act more readily and definitively. These curves
ultimately rule ali economic activity and determine market prices. The nu­
merous and more or less reproducible factors of production which in Mar­
shall's scheme should form, together wvith the related prices, the constitutive
elements of che supply curves, are in fact employed in order to satisfy simul­

sect. 5. Since Pareto's static system - unlike Marshall's - ignores any change that mightinter­
vene in the data through time and cherefore does not appear to be necessarily connected wvith
the hypothesis of average and repeated phenomena. The hypothesis may be relevant if we take
«average» in reference to the fact that a certain interval of time is being considered to which
ali economie operations, cven jf normally carried out at different frequencies, refer. (See Pare­
to, Economie mathématique, cit., p. 604): and «repeated» is to be understood in the sense that
they take place frcquently but not to the same extent and with the same modality (for exam­
ple, the sale of a product). . . . .

This opinion of mine is strengthened by the fact that the general economic equilibrium
envisaged by Pareto links certain initial positions with some final ones bue does not demon­
strate that the initial positions (quantities of goods possessed by single individuals) ought to
be reconstituted as they previously were.

? J. Schumperter, The Instability of Capitalism, Economic Joumal, Sept. 1928, p. 373.
This author (see the preceding pages) understands the supply curve as a list of the various
Present possibilities: this appears to us, instead not significant with regard to the real course of
phenomena.
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I d • the best possible way ali demand: so that strictly speakintaneous Y an mn id · f h · n g
h ar id l pply curves do not have an I ennty o t e1r own . TO puc 1.te e in lIvtua su . • I · e . .

. the it may also be said that there is only one informing princip]m ot er terms, h d'fC d e
f · action: that of providing for t e 1 rerent en s according to

ot economtc thi -:.·.] ihi:h ls :. a
d . der of importance· and t 1s prmc1p e, w 1c a so informs thecreasmng or th adiidual '- 1e
area of production'4, is first of ali followed by t e m 1v1 u s in forming the
demand curves. . . .

Some words of caution are here m order. If the good in question has n
dose relation of interdependence with other goods (a complement to or sub.
stitute for che first) it is correct to consider an even not very short span of
the demand curve since it is not unreasonable to imagine that the prices of
che othcr goods remain almost unchanged. But if relations do exist it be.
comes impossible to assume that when the price of the first good changes,
the economie subject remains on the original demand curve: the price of the
complcmentary or substitute good varies at che same time in a measure that
depends on che actions of ali consumers and producers, and the premises on
which che first curve had been based also change. In these instances it would
be advisable to limit oneself to slight divergences and consider the variations
of (individuai) dcmand as due to the variations in the prices of one, then che
other good. At most, givcn these variations, the variation of the individuai
demand of one of rhosc goods is a total differential whose value depends on
che two partial derivatives. The subject will be mentioned again in section
21.

I must also point out that by assuming the variation of a given price and
examining the cffects on individuai behaviour the causes of the variation are
not taken into consideration. What is being examined, in substance, is only
the configuration of the tastes of che consumers - not excluding che tastes of
those who produce the good in question. On the other hand an investigation
of the impact of a variation in the initial quality of a good owned by single
individuals on the general equilibrium, which takes into account the price
and quantities exchanged of the same or other good would be much more
complex". But such an investigation cannot be fruitful unless the exposition

» The same may be said of the demand curves for production factors. The conditions
and limits with which Marshall surrounds the demand derived curve for a production facto
(P:mcrples, p. 383 and following footnote), deprive said curve of all practical relevance­
might be bener to indicare_ in a generai way (Marshall, op. cii., pp. 385 and ff.; Pigou, op. cii.,
P. ?6?) the elements that, in the hypothesis of a reduction in quantity, affect to a greater e
rene t e vanauon m pnce.

Ili-I WSc_hum,peter, Of' cit., p. 366, footnote; Robbins, op. cit., pp. 76, 78-81, wwhere the autho
reca s 1eser s doctnne on the sp if 1d · hat

h I s ecr,rc an non-specific factors of production denying
any case t!1e rea cost of prod · · · d h In B d' . d . . . ucuon 15 an rn epende111 principle of explanation of the va ue.d /

ordin tric it in his study La le dell d :elel
la d · • . Y egge ella (omanda dal punto di vista della sta/teamnamca, cIt.
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of the relations between that variation and all the processes of production is
not excessively abstract. Indeed the variation should first be observed in the
quantities of a factor of production (for example raw materials) which al­
though not usually of direct utility for everybody may normally be employed
in various ways and for different purposes.

9. The hypothesis of a constane price for units successively purchased -
which is at the base of boch che individuai and collective demand curve - is
not justified except in che case of competition on the part of the buyers. My
line of reasoning is here connected to the debated problem of che degree of
determinacy of exchanges. According to Edgeworth's well known chesis a fi­
nal and uniquely determined position in che market is reached only when che
various conditions of perfect free competition obtain?. This position in the
representation of the indifference curves is marked at the point which che in­
dividuai buyers or sellers arrive at along straight line paths. For Edgeworth,
in any other hypothesis there is a multiplicity of final posicions, none of
which is necessarily arrived at as a result of iterated contracting. In particu­
lar, in the most simple inscance of a sole pair of buyer and seller - or also of
more pairs provided they are analogous - che possible final positions are ge­
ometrically represented by che so-called contrae/ curve.

Edgeworth's thesis does noc seem to be encirely acceptable. One ought to
discinguish che case in which competition is not so perfect only on che side
of the sellers from chat in which it is imperfect for both buyers and sellers.
In che firsc case we think that the cerms of trade are determined even when
che sellers are not reduced to one person: chat is, noc only in the case of a
monopoly, bue also in that of polypoly. Excluding the hypothesis of an agree­
ment among ali the monopolists - so unlikely that the hypothesis need not
be discussed - there is no reason to believe that they should not arrive at a
position which assures them maximum lasting (rather than occasional or mo­
mentary) advantage. In chis reasoning we follow Cournot and other authori­
tative writers such as Schumpeter and Amoroso". One may want to abandon
the hypothesis which rules out any agreement, and caking into account che
cose of a competition among monopoliscs, find the solucion most in keeping

6 Edgewvorth, Mathematical Psychics, cit., pp. 17 and ff.; Jannaccone, Il «dumping» e la
discriminazione dei prezzi, Rr/orma sociale, 1914, p. 235.

7 Schumpeter, op. cii., p. 370 footnote; Amoroso, La curva sialica di offerta, cit., pp. 13-
19. Naturally it is not logically necessary to assume that monopolists arrive at the quantities of
equilibrium through decreasing oscillations. Previously. Jannaccone (Questioni controverse
nella teoria del baratto, Riforma sociale, l 907, pp. 667 and ff.) had advanced an exccption to
Edgevorth's thesis of contractual indeterminacy - exception based on the monopolists» limi­
tation of available quantities _ which Pareto had practically accepted (Manuel, p. 602). Cfr.
also V. Porri, Principii di scienza economica, Turin, 1932, pp. 348-351.
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. h h . tive strengths, which result from the economic and non
witl their compara ' ~[. :. '

. d f che problem (contractual ability, resistence, etc.). The soleconomtc lata O • • l · · • . ·
:. ·il] b form of agreement wvhich may simply cons1st in a maximisation

tuon wl e a 1 5]; hil th di
f h l f. ·a1 advancage of che monopo 1sts w 1 e t e 1mensions and

0 t e tota mnanct . .
structures of the respective firms remain unchanged, or given the appropri.

. stances mergers or concentrauons, etc. may also occur. In ali cas-ate curcums di:. r, +ilibr'- ,8
es the demand curve subsists as the con mon ror equ 1 num , and the
price is constant for different units of the same good exchanged.

If on the other hand the lack of competition is bilateral the reference to
che supply and demand curves as possible equilibrium for either buyers or
sellers would be of no avail. In the most simple instance of a sole couple,
one buyer and one seller, what is important to know is the contract curve
because it is on it and not on the exchange curves (supply demand) that
buyer and seller will reach equilibrium. This is the case even though they
might at first make reciprocally incompatible offers. It is clear that in this
case too, contractual indeterminancy may be eliminated by taking into ac­
count che various strengths of those entering the contracts. These strengths
include the complex of abilities, availability of money, capacity to foresee,
etc., which concur, together with tastes, in determining the operators» incli­
nation to trade. This has been noticed by many authors??. But as long as the
notion of these strengths is of a generic kind, it will not be useful, rather it
will be tautologica! to assume that the strengths of those contracting are giv­
en and comparable - in the form of a relation - and thus arrive at a point of
equilibrium on the contract curve. lt would also be wrong to assume that the
individuals are more than two and with different tastes, and then define in
some way the paths (sequences of variable prices) which lead to the equilib­
rium point. Since recent!y Bordin has sketched a theory to this effect",
shall now try to emphasize its weaknesses.

In short, Bordin holds that the relations berween che hedonistic strengths
of contractors(as defined above) when known by repeated experiences, may
allow one to determine on the indifference curves representing all possible
pairs of individuals, the direction followed through the exchange of infinites­

8 1 _the ca~e of monopoly however Pareto does not simply consider a demand curve: he
considers it possible that the prices of the other goods do not change, thus establ ishing a rela­
tion betveen the monopolist's price and rhe quaniry in demand (on the market) provided that
the prices and the quantities of all other goods exchanged also changed (Manuel, Appendi,
sect. 68; cfr. Edgevorth, Papers, vol. II, pp. 454 and ff.): that is to say, he adopts the point o'
vie e had suggested at the end of the Preceding paragraph.

079 hers, Pantaleoni, Analisi del concetto di «forte e debole» in economia, Ero!e­
",$"2";P%,2"?md ff.Jomnaccone. O«es«ioni cconrovere, • 60, schumeter, o. t»
p. o· ee also Jgeworth, Mathematical Pychics, cit., p 56

4 A Bordm S h di · ' ' · · ·1930, and Lei './ ema '. vana_n_u della teoria pareriana dell'equilibrio, Annali di econon11a,
' om I economia politica: la statica (Part I), Padova, 1932, pp. 167-186.
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imal quantities. Then in the area where the contractors derive some advan­
tage from the exchange, a line may be found which indicates the path fol­
lowed until every advantage to be gamed from exchange is exhausted. And
this holds for whatever number not only of goods but also of individuals.

No objection can be raised against the application of variable prices in
che case of an occas1onal meetmg, occurring every so often berween rwo in­
dividuals who are exchanging two goods (one of which may be money).
Marshall had already given a clear example of chis in his Nota sul baratto
even though he did nor introduce a mathematical relation berween the so­
called «hedonistic strengths» of those contracting. Moreover che same
scheme may also be used in the case of repeated meetings again berween rwo
agents and under unchanged conditions. But since, at least hypothetically in
every encounter the same point on the contract curve is reached, it is of neg­
ligible significance to know the path followed in che preceding attempts at
adjustments to reach that point. And the same may be said in che instance of
many egual contracting pairs if the contractual meetings are assumed to have
been repeated over a period of time41• For any other instance of repeated
meetings no application of the concept of variable prices may be possible,
even assuming that the conflict betveen the supposedly unchanged «hedon­
istic strengths» produces and rnaintains an equilibrium point. The contrac­
tors in fact, once the disorder of the first trial has been overcorne, al! agree
to the exchange of given quantities (for each) of the rwo goods in question,
and by the same agreernent eliminate any connection with the preceding at­
tempts. It must be noted that from these attempts no uniformity concerning
the variable prices rnay be derived since, even given egual results one can
have the most various network of exchanges berween individuals of both
sides, with the corresponding changes in the variable prices. What may be
said is that in both occasional and repeated meetings the contractual transac­
tions will not cease until the ratio of the marginal utilities of the two goods
is equal for all operators, but in both instances this may occur in countless
ways. In the face of che evidence of these observations it seems superfluous
to conduce an analytical study of Bordin's mathematical formulation: the cri­
tique of the premises on which it rests may suffice. It is also obvious that the
sarne critique is a fortiori valid for the general case of n number of goods
and in the hypothesis hinted at by Bordin of variability in the relations be­
tween the hedonistic strengths during the implementation of the exchanges.

Thus we come ro the conclusion that, if the number of individuals on
both sides is srnall or if the equilibriurn reached by the market - because of

" In an occasional meeting, even admitting that the n sellers of a certain good are all
cqual as are the potential n buyers (eventually offering money), it does not occur that an indi­
vidual enters into contract with only one other and, therefore, a single contract curve does not
exist. See footnote l to para. 4 of par I.
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. . • urely accidental rather than stable, given the Pos-
their separate acuons - lS P · th h d •Bilir 3f ·h both in the pairs that engage in e excnanges an in thesi 1 1ty o e anges h · b f

b f h I . if the individuals, aving ecome aware o the re-num er o t e atter, or I f h h I
. hs tu to keep the total resu t o t e exc anges m me withspective strengts ry . h h f

h 42 h t the necessarily collecnve contract as a e aracter O) greater
t em , so t a f • h · h h

6.1. • · t k s piace over a period o urne t at Is not s ort - then onesta 1 ny smce 1t a e . . d l •
must exclude any consideration of vanable pnces an merely determine the
quantities exchanged by each contractor. .

At this point it must be added that the case of a lack of bilateral compe.
tition is actually very rare. No doubt in theory an essential condition for per.
fectly free competition is the practically unlimited divisibility of the two
groups, that is there must be a considerable numberof them and each must
have at his disposal small quantities of goods in relation to the total amoum.
As Edgeworth demonstrates, iterated contracting makes it possible to arrive
at an intersection of the supply and demand curves only when the number
of supposedly egual individuals - on both sides - approaches infinity13• To
verify this it would be easy to show that once the point of intersection has
been reached, any individuai who exchanges his good at that point is able to
improve his position (that is to say that he can move in a direction rather
different from the marginal one through a constraint on the quantity of the
good supplied and the subsequent price increase whenever the ratio be­
tween that quantity and the total market supply shows some positive value.
It may seem then that competition is almost always lacking on both sides.

42 Pantaleoni states that «the contract is founded on a presumed equality of forces» (Ero•
temi, cit., vol. I, p. 359), and if the forces are initially unequal, the advantage of a contract
arises at that point in which «the employment of further and grcater farce for the person who
incurs the cost is perhaps an increasing cost no longer covered by the utility of the resul»
(~b,dem, pp. 92 and ff.). Cfr. also Jannaconne, op. cii., pp. 659-663 and especially the observa­
tion that the ends which at times competitors aim at is that of causing the others to gain as
little as possible.

? Mathematical Pychics, cit., pp. 35-38. In other works by Edgeworth the process of it­
erated contracts is further clarified; see in the Giornale degli economisti, October 1891, the
short aricle Ancora a proposito della teoria del baratto, where emphasis is given to the logica!
rather than to the descriptive import of reiter ation (p. 317); and likewvise in Papers, vol. Il,
pp. 311 and ff.. Here it is stated, on p 313 h · · h idj t• · , t at 1t 1s not necessary to suppose t at aljusr­
ments occur over a «long» period of i . h · · · · · ·
h k ime. what is essential is only that there be continuity 1n
t e mar et and frequent variation ( h 'b')' Th' ·• e h or t e possi I lty of a variation) of che contracts. 15 15
mmportant tor hat we have said in p . 7 8 p • · ('n
eh III 122 f h' u ara.. · · areto too presents the process of 1terauon 1

· , para. o! is Manuale) but h · · f Ed e
h F . . · ' us presentation is not as rigar ous as that o · g ·wort . or mstance 1t 1s not clear th t h f .

ment in the f [ · · f h a t e moves O the first individuai aiming at an 1mprove·
ma posmon o cxc ange · · d b h e

f (b . • are 1mutate y individ uals who belong to t e sal!I
group o1 contractors uying or selling a certain yood)

44 It 1s assumed that rhe · · f h g ·
change and that the buyers · qua~uues O t e same good offered by other sellers do no!

In turn 1o not engage m operations of a monopolistic kind.
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But this is just a theoretical conclusion which must be corrected and adapted
to what happens in practise. In fact it does not occur (as it should instead
happen in a world of perfect calculators) that single individuals even though
fewv in number, have the same attttudes and animus as che monopolist. In che
exchange of goods for money especially the buyers are likely to accept the
constane market pnces and do not attempt with subtle devices to force the
sellers to reduce their profits. Thc above-mentioned proposirion rherefore
muse be seen as having limited validity and capable only of showing a ten­
dency.

10. In particular, those forms of price discriminacion which have their
source in an artificial division of the consumer into several classes, do noc
represent exceptions to the practice of constane prices. In these instances it
is true thac goods or services which are not «essentially» differenc from one
another are offered to the consumers with a considerable difference in price
which is disproportionate to the presumed difference in cose. However, che
different prices do not concern identica! units of che same good sold to the
same individuai but units of apparently different goods; among which con­
sumers have in generai ampie freedom of choice, in accordance wich che de­
sire for social discinction.

The different qualities of the good appear then to be substitute goods,
adding howvever that the very discriminacion in price may induce some to ac­
quire che good of a higher quality. Moreover, individuai demand is influenced
by the fact that there may be sold ali cogether on the market greater or !esser
quantities of different kinds of the same good: so that it is difficult to set sepa­
rate demand curves for each of them. At any rate if it is considered legitimate
to construct individuai demand curves, one should not expect the sum of such
curves (added over the abscissa) to be equivalent to the single curve that
would obtain had the same good been sold in only one kind of quality". So

45 On this subject, a letter sent to me by Prof. Ulisse Gobbi presents some typical hypothe­
ses which may uscfully be compared to those of Pigou (The Economics ofelfare, cit., par II, eh.
XVII: «Discriminating Monopoly». See especially sect. 5 and ff.): «Ho is the demand affected
by the application of variable prices to groups of consumers rather than a price equa! forali:

A) Products of which each consumer buys one unit regard less of the price until the
price has reached a leve! beyond which he no longer buys.

If the price which is the same for all is OA (see Fig. 1), the demand is OB; if it is OC,
the demand is OD; if i is OE, the demand is OF.

Let the consumers be divided into three groups, applying to them respectively prices OA,
OC, OE.

The followving distinction must be made: a) the consumers cannot choose the group in
which they are placed (e.g. piano lessons at a different cost according to the wealth of the
family, discounts granted to membcrs of cert:tin associations, to students of certain schools,
servicemen, etc.); b) or they may be able to choose it (better seats in a movie theatre, luxury
and average shops, etc.).
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d A ds supply let us leave aside the numerous prob.
much fr dema9,""5$, f discriminaion. Then i is sufficienr to re
lems on the con mons an o f h il . h

1. . r on the parto t e se er, 1s necessary Wheneverall that a monopolistuc powe, b] · hih 1e . . . . . t d by a non-profita e enuty w 1c mere y pro-price discrimination Is enace .:..:,.a6
vides increased advantage for the collectivity .

h . A ) ( t for the negligible possibility that one might become annoyed
In bypohesis_"IP";,scout éivien o ochers), he quantiy soldart ar che pii

because e is not gven tuie sa . / h Id h . I
h • OC d art at the price OE) is equa to t at so at t e smg e priceOA, part at the pncc an P • / h Jd h · [ ·

' I, th ity sold at variable prices is equa to t at so at t e smg e prce cor­OA. In genera», Ie quanu . .
responding to the minimum of the variable prices.

F D

Fig. 1.

B

In hypothesis A b) the quantity sold at variable prices is stili equal to that sold at a single
price corresponding to the minimum of the variable prices, but at the price OE there will be
a sale of EL, < EL, chat is che quantity sold at the higher price will be less than what would
be sold at that price if it were the only price; the quantity sold at the minimum price will be
greater than that of hypothesis A a); che quantity sold at the intermediate price increases on
one side and decreases on the other although we do not know in what proportion.

B) Products for which an increase in price decreases the quantity purchased by single
individuai consumers: the quantity sold at variable prices is less than that sold at a single price
corresponding 10 the minimum of che variable prices.

CO Products which some consumers buy only if they can distinguish themselves from
groups of consumers they consider inferior (so that the price that is reasonable for the former
cannot be such for che laner): che quantity sold at variable prices may be higher than that sold
at a single price corresponding to che minimum of the variable prices».

If we admit - granted that it may be debatable - that for every quality of the good
question there is a dcmand curve independent of the others the problem may be treated analo­
gously to that of several markets not comunicating among themselves in which a monopolis
producer is selling a given good; for this, see the equations of equilibrium in Amoroso, Lezio­
ni di economia matematica, p. 271, and in Pigou, op. cit., footnote p. 302, where, howvever, the
generai formula is incorrect probably due to a printing error (the { ) should be omitted).

6 To compare the utilities the authors generally employ Marshallian rents for both con·
sumers and the producer; this method presents problems (cfr. sect. 5); but in any case the fol­
lowing conclusion by Pigou wvith which Edgewvorth agrees (Papers, vol. II, p. 445) is wvorthy
note: if the selling price of two goods (or different qualities of the same good) is the same and
is equal to the marginal cost of both, the situation is prefcrable to any adjustment to unequ.il
prices. In this regard see other statements by Edgeworth in voi. I of his Papers, p. 101.
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But beyond the price discrimination which are made b · h. . y presentmg t e
good in different forms, there may also be variation in the prices for succes-
sive identical units purchased by the same individual': for example, this may
occur in the supply of electric power. It is nonetheless important to stress
that this occurs in exceptional cases, and that the most important case is
mainly of theoretical interest in that the application of variable prices ensures
the socialist State the maximum of Pareto's ophelimity for the collectivity".
It must also be said that all these cases are characterised by the unilateral im­
position of pnce regime. So that if the equilibrium is stable it is confirmed
that variable prices cannot follow from che free exercise of individual forces
and therefore if variable prices are used they muse be considered (as a ype
of price) among the givens of the economic syscem.

11. Let's now give a formal treatment of individuai demand. It is wvell
known that che ophelimity index-function that has to be assumed does neither
refer only to consumption goods, nor to a single typical span of time: as a mat­
ter of fact, both labour supply and che demand and supply of savings are in a
direct relationship with tastes and individuai sensitivity. Since it is possible to
deal separately with these phenomena, we will leave them out of account. La­
bour supply is indeed bound to customs and legal norms and, besides, unex­
plicable in terms of hedonistic considerations until the worker obtains what is
needed to survive. Furthermore, as far as savings are concerned, it is easy to
apply che concept of individual equilibrium, recurring to an ophelimity func­
tion whose arguments are che current and future income quantities that are
foreseen within the bounds of che individuai economic horizon"?.

If we consider only a span of time and assume that monetary incarne is
known, we will study firstly its sharing among the purchasing of a certain
quantity of good A, and the purchase of the other goods A,, A,, ... A, that
are ali included in residual monetary income: we will reconnect afterwards to
the more general treatment of consumer's equilibrium. This procedure is of­
ten sketched in che literature50, bue ics details are not adequately developed.

47 p. Jannaccone, in the quoted article: Il «dumping» e la discriminazione dei prezzi (pp.
256 and ff.), sharply distinguishes variable prices in the sense just mentioned from other
forms of discrimination of prices.

48 Pareto, Manuale di economia politica, cit., VI, pp. 58-59.
49 The notion was introduced by J. Tinbergen, The notion of horizon and expectancy in

dynamic economics, Econometrica, July, 1933. We can introduce this notion into a static
framework unless it is intended to link successive equilibria. Analogously, Fnsch op. it., pp.
136 and ff.) does not abandon the static framework when he assumes (that the util ity of in­
come is a function of its actual amount and of the income own on the average in a certain
previous period (the last fìve or ten years). . , , . . , .

so See Pareto, Manuale, cit., IV, 64; Borgatta, Di una proprietà generale dell'ofelimità, cit.,
p. 31.
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xo E
FIG. 2.

The equilibrium condition is given by Jevon's theorem (under the partic­
ular conditions that wvill be later specified): in our case, we can assume that
this position is reachcd and study the shifts from it. lt is worthy to note that,
even if we suppose that indifference curves are known, we cannot take into
account how che increase or decrease of the sales of good A, (in che market)
affect individuai tastes51•

In Fig. 2 are rcpresented: in the ordinate axes the monetary income own
by the individua! (OB) and in the abscisses che various quantities of good A,
that are demanded at the prices represented by downward sloping segments
with origin in B. The equilibrium price is given by the slope of BC: at C, the
path becomes tangent to an indifference curve, and there the individuai
stops, purchasing the quantity OE at a tota! expenditure of BD. If nov the
price or the monetary income changes, the demanded quantity wvill change
accordingly to the shape of the indifference curves in che neighborhood of
C. Let's now focus the attention on the two different cases, supposing that
variations are infinitesima! so that the analysis might be profitable.

1 To overcome this problem, Pigou distinguishes the «demand price» from the «margin­
al demand price»: this distinction however is not so sharp, since the «marginal demand price»
is not the same accross consumers (whenever it differs from che fìrst). See Edgeworth, Papers,
voi. II. pp. 323 and ff.
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A) Price variation. Let's denote with F (x y) the fu · · h· mnctuon mapping the
indifference curves. Along each of these F (x, y) = constant and at each point

of rhe piane, the slope of the indifference curve is dy = y' = _ lx where f

d I • lx,

h 'Id .. f X
f are t e part1a er1vat1ves o F with respect to x and y At a éiJy '· ven pomt,
denoting with f,f, and f,,=I,,., the second derivatives, we get

Since y' is a function of x and y, each variation dy' is rdated to the varia­
tions dx, dy through the relation

i
t •
t

i·
a y' y1,+1,--=-
Òy I,

a y' f.+1,--=
0x ,
, a y' a y'

dy'dx+dy,
0x 0y

[3]

[2]

[1]

frorn which we can recover the condition to remain on the same indifference
curve, that is:

;, ì
I t

' I

'. '
'

' ·
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? About this, see Pareto, Manuale, cit., App. SS 6-11. We ti)' to follow as much as possi­
ble his notations.

That being stated??, let's point out that, at the equilibrium point C
(where x = OE, y = OD), the price p, of good Ai, that for the time being is
simply denoted by p, is egual to -y'. That is why, given a price variation dp,
we can consider instead -dy'. Denoting with p' the ratio

1
and reading

[3] We get: i) X
òp

, a y' a y'dy
-p =-+--.

òx òydx

1 I

I
I

6y » a y' , a y'
-=y =-+y-.
6x ox 0y

[4]



Total monetary income p is defined by p = px + y, and therefore, suppos­

ing p constant, dy __- p'x. Substituting in the previous expression
d d X
_!_ with its value we get
dx

.2%,-: ]-+-y =P -x-1x 0y 0y

Consequently, the ratio between the variation of the demanded quantity
and the supposed price variation is'3: .

[5]

a y'
-x-1x 0y-=----a P y"

B) lncome variation. In this case, y' does not change, but the line BC
shifts parallely. We can write:

a y' a y'
dx+dy=0,
0x 0y

where the relation pdx + dy = dp is verified, and therefore _l_ - p = d y .
dx dx

a P

Substituting it in the previous expression and reading [4], we get:

1 ,,
-=2
0x ay'
a P y

'3 Analogous expressions i d • W ..
Eco

• J
I
D b are oun in .E. Johnson The pure theory of uultty curves,

nomc ourna ecem er 1913 ~ h h ' h e
f ds

. . ' . ' • or tte s are of a given amount of money in the pure as
o) wo goo . in particular see p. 504.
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[6]

0y
0x ?y-=---
d P y"

If we compare these expression with [5], we see that dx and dx are

linked by the relation d P d P

[7)
0x 1 ?x-=---x-
0 y" à

12. The expressions we obtained are rdatively simpler than those pre­
sented by other authors". They get rid of any consideration about utility as
measurable quantity and can easily adapt to the various hypothesis about in-
dependency of the utilities of single goods.

Expression [7] shows that in generai dx and a x assume different val­

ues and, as i wvll be show in he #seimes nor be of
opposite sign). Furthermore, Frisch proved, contrary to the opinion of
Marschak, that is impossible that even approximately, exduding particular in-

dx p 0x
stances, the two elasticities - · - and - · - be egual. Taking for

Op x ?p x
granted Fisch's conclusion, even if it is grounded on the hypothesis of inde-

pendent utilities, we now briefly sketch another procedure to express the re-

I . b iJx iJx Ob. I . . that1on etween -- and -- v1ous y - tastes remammg e same - a
a p a P

given variation of income is followed by a variation in consumption (of good

54 As far as i} x is concerned, see Pareto, Considerazioni sui principi fondamentali

dell'economia politfc!pura, Giornale degli economisti, 1892-93, in particular October 1893,
Pp. 304-306 and Manuel, cit., App. $$ 52-53. See also, about the hypothesis of indipendent
goods, E. Barone, A proposito delle indagini di Fischer, Giornale degli Economisti, May 1894,
p. 434; Ricci, Curve crescenti di ofelimità elementare e di domanda, Giornale degli Economis­
ti, August 1904, p. 133 and The psycological foundation of the law of demand, Joumal o/ Po­
litica/ Economy, 1932, pp. 180 and (f.

Reue d'Economie Politique, 1932, pp. 14-28. If the good considered absorbs a very
small fraction of income, the more the tvo elasticities differ the more the absolute value of
the flexibility of marginal utility of income is far from one.
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A,, for instance) equal to the one that would occur in the case of a corre.
sponding proportional vanation, m the oppos_1te direcuon, m the pnces for
ali goods: we cali Pi and x, respectively the price and the demanded quanti
of good A, (up to now denoted by p and x) and P2, p3, •·· p,, the prices for
goods A, A,, ... A, if

a p d Pi d Pi d p,-=--=--= ... =--
p

we yield:

p,,

Given the previous inequalities:

0x, 0xp xp, 0x p,--=---+---+ ... +---.a P a Pi P a Pi P a p,, P

In a simpler form, if instead of p2, p3, ••• p,, we consider a price index P,
we obtain:

[8] x ?xp ?x,P
-- =---+---.op Op OP

Studying this expression we can conclude the following:

1) If Pi and P vary proportionally, the ratio between the variation of x

d th . . f . . h . a x. P k .
an e vanauon o! p 1s gven y -- = - . If furthermore we ta e into

a P Pi
account a variation of p, such that d P = d Pi then d X1 = é) Xi k - P.

k Pt dp. iJp Pt

2) If variations in p,, P, and p such that d Pt = d p = d P (k,;; p1) oc·
k P P
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cur, it is easy to verify that the ratio ddxi is egual to a Xi (i - .li). If instead
P Op k

d7_ _de, g+P, ve "h_?l-P
k P dp OP p

3) In any other case, in order to determine empirically the value a Xio'
0x, 0x ., kn-- , J, 1t 1S necessary to ow the two groups of variations (with re-
ò P P .. · 1 . . ) fspect to the initial situation, o Pi, P and p, along with the corresponding
variations of x. We can then establish and salve, making use also of equation
[8), a system of three non homogenous linear equations with three un­
knowns.

13. The conclusions drawn above are important to carry out empirical
investigations. As far economie theory is concerned, it is more useful to fo­
cus che attention on [5] and [6], trying to reconnect them to the more artic­
ulated formulas in which all goods are explicitly taken into account.

A generai condition we have to impose for the position from which we
started (point CO to be a stable equilibrium concerns the sign of y". If this
sign were negative, that is if the indifference curve at C were concave with
respect to che axes, the consumer, overtaking C along the linear exchange
path, would succeed in improving her ophelimity index: since we exclude
that the consumer moves from C if no perturbation occurs, we have to as­
sume that y is positive.

This happens for sure? when che two following disequalities are verified:

[9]

the second one imples that, since fu < O, also f,, < O. As a matter of fact, y"
can take che following form:

We immediatly verify that the positive value for y" is yielded from the
previous disequalities. They characterize what therefore can be called the
normai case.

6 Pareto, Manuel, cit., p. 577.
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This includes two subcases:.

l) a y' > o, a y' < o (see equations [1] and [2)); in this case it is obvi.
lx ?y

ous for [4], since y <O, that y">0 . . .
2) f the twvo disequalities written above is not sat1sf1ed. We can ex-

one o1 ified · h · uld · 1 "elude a priori that none of them is ver· ie , smce t 1s wo 1Inp y y < os1.
a , a x

Let's star supposing that "_2,0. By [6], then, - <0. Sincea y a P
a y' a y' a x . · 58-- > 0, if-x -1 > 0, the expression - turns posmve .
?y ?y opa y' . . a x

On the contrary, every time that a y 1S negative, we get a p > 0,

a X < o. As long as a y' > l, demand elasticity is, in absolute value, lessa P a x x P a y'
--p-

0x p x 0y
then one: as a matter of fact (observing [4]), --- = ---- is 5 ac­a p X y"

h P , a y' ,e::; a y' , a y' h h
cording to whet er - + y -- >--+ y -- w ere we can suppress t e

x ?y ?x 0y
a I

common quantity both at the left and the right hand. When ---1'._ < O, the
0 x

incrcase in consumption due to an increase in income is such to decrease the
residuai income (that is to absorb more than the increase in income): in fact,

if a y' ,, h . a y' h a x-p-- > y , t at 1s -- < O, t enp>l.
0y ?x

The relationships expressed for subcase 2) are sufficient to answer the

,., Since y"> 0, the term --- in [7] is negative. This term expresses what E. Slutsky, in
y

a work outstandingly valuable, but diffìcult to understand called «che residuai variabilicy of a
good in che case of a compensated variation of its price» (Sulla teoria del bilancio del consu­
matore, Giornale degli Economisti, July 1915). If che increase in price is dp and income in­

f th . d iìx iìx dx 1creases o e quantity xdp, dx =- d p + xdp,and cherefore -= --.
iJ P iJ P d P y"

8 About this relationship and the following ones, see Johnson, op. cit., pp. 505 and ff.

210



question whether an increase in price ceteris paribus Id ., cou) generate an In­

crease in consumption. For this to come, it is necessary that :~x _ 1 > 0.

. a y'
Notice that, if f. <0, f5, <O ,, anno be positive but when f,, <0 ac­

cording to [1], and

,5'f,

Wc exclude therefore that the mentioned eventuality occurs in che nor­
mal case, if the ucilities of goods are supposed independent (f, = 0)%. i chis
case, however, if the good considered and the residual income are subsri­

a X
tutes, it may occur that - > O. The elements that are responsible for thisa P
occurence (in addition to che price level) are:

a) the so-called substitutability ratio, that decreases che margina! utility
of the good (ix) when the available quantity of money increases;

b) the (absolute) value of f, that has not to be very high;

a y'
c) the absolute value of fxx, that has to be relatively high, since

dx
must be positive.

It is likely that these conditions are present in the example that is fre­
quently brought about in the literature°, that is the consumption of bread
for lowver income classes. If we are intended to give account of chis phenom­
enon within the framewvork of economic theory (divisibility of goods, absence
of penurbing shocks, absence of speculation, etc.), we have to abandon the
hypothesis of independence of utilities. While for higher leve! of income f,, is
positive for almost all goods and, if sometimes it is negative, it never exhibits
a high absolute value, for lower leve! of income and when necessities, like
bread, are considered, then f,, is negative; on the other hand, bread, that is
sold at lowv price, is generally consumed up to largely satisfy the correspond­
ing need, so that fxx (negative) is different from zero; f,,, instead, reckoning
the variations of utility of other goods purchased in small quantities, is dose

òx
to zero. With successive increases in prices it is anyway likely that ò p turns

to be again negative, since f,, (in absolute value) decreases as y becomies neg-

% For the other cases, see $ 18. Let's notice nothat [10] implies f,, > 0 iff = O.
60 See, for instance, Marshall, Principles, cit., p. 132.
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I. .61 h' · d to the fact that goods that could satisfy the need of nourigit le; thus 1s tue ·+il:) d "
ishmenc better than bread (like meat and s1m ar o not enter anymore in
che budget of the consumer, and this could eventually affect the value of In
Iowering it that is bringing it further from zero.

hi:h th g • 1diThese esplanations, upon w ic man~ ~~ ors a ree , coa iuv_ate in
completing the one recently provided by Ricci that was based upon mmper­
fect divisibility of goods. As far as other formulations of the problem are
concerned, especially with regard not to necessities, but to luxury goods it
seem difficult to study them in che generai analyucal framework, since it is
admitted chat variations in the price level and in the quantity sold · in the
market affect tastes, inducing for instance some individuals to reduce or an­
nihilate completely consumption after a reduction in prices.

Apart from the normal case, it may happen -- all the more reason - that
a , a ,
_2'._ > O (for which [10] must hold) or that _!_<O, with the consequenc-
0y 0x
es mentioned above. We will come back briefly later (§ 17) to the limits of
non conventional hypochesis.

14. le is convenient to state precisely che meaning offf f., Obvious­
ly, unless we assume that utilities are independent, the sharing of y among
«other goods» depends on the quantity of the good that we explicitely take
into account. We have, thcrefore, to analysc the responses of the sharing of y
due to a change in x and che effects of such responses (due possibly co a
simplc increase in y) on marginai ucilicy fx. If we move in chis direction, we
reconducc to che generai case introduced by Pareto: it is therefore useful co
prove firsc of all that Fx,y) is just an aspect of che ophelimicy index function
<P (x,, x2, ••• xn). In F, x represents the quantity of a given good; in §§ 11 and
12 we defined A,; we now introduce che notation A, (i= 1,2, ... n), and x
becomes x,. We write, moreover, y{4, f, or more simply, f, , f, f,, toa x,r, y)tr) x,
indicate that we consider che good A, It is now clear that in F, thac take as
given che prices p, P, Pi- 11 P; + 11 ••• Pn, che combination of che quantity X;

61 Pareto, Cours d'éronomie politique, Lausanne, 1896, voi. II, S 977, and Manuel, cit.,
App. SS 55; Johnson, op. cii., p. 506 (where a reduction of the price is envisaged); Slutsky, oP-

it., p. 14. It for a given good ~; is negative, Slutsky defines that good «relatively dispensable

(or not indispensable)», while Johnson claims that the needs y satisfies are relarively «urgent».

240
_ 62 See Può una curva di domanda esser crescente?, Giornale degli Economisti, 1932, p.

6 Amoroso, Lezione di economia matematica, p. 15l; see also Cournot, Principii matema
tici della teona delle ricchezze, Biblioteca dell'economista, Serie III, voi. Ili, p. 96.
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(ariable) and of t_he quantities x., X2, X; - i, X;• i, .. . x,, that are feasible at
those prices and given the amount of money y (variable) are ranked in the
same preference ordering as in b. We can therefore write, for each of these
combinations h,= p, (or also cp,), /, = p, indicating with p, the wveighted
elementary ophelimity of the goods A,, A, A,, A,,4, ... ,: at equilibrium
p, = m (elementaryophelimity of income) holds.

Let's consider firstly the effect of an mcrease of y on the equilibrium po­
sition. We notice that this increase cannot occur if X; remains constant; it is
anyho necessary to introduce this hypothesis in order to derive the value of
/ (that can be written, following the previous notation, in the form
;;','

1

1
). For sake of clarity, suppose that the increase of y takes the form of a

gifr, that takes place only if the subsequent purchase of A; does not differ
from the previous one. We have n - 1 different, but competing ways to de-
fl. ne p, , according to whether we consider the change in weighted ele­yyr)
mentary ophelimity of A., A2, A,_ 1, A; • ., ... A,,: since dcp, = p,dp,, must hold
always j= 1,2,... i- 1, i+ 1, ... n) we can write the following system of line-

ò x -
ar equations in which --' are the unknowns:

Òy

0x, 0x, 0s4 ?x, d_,p
cp I -- + cp -- + + D, + cp,, i+I-+ ... + cp,,,, :i " 17<il" a y n2 a y ... "• I- Ò y , a y Q y

In h · · d. · h the second derivatives ofthese equations, we indicate with Pu, P2· .. [ kn
<I> with respect to the goods whose index is the subscript o cp: as we ow,

'P12 = 'Pii, 'Pn = Cf>}i, •••· • th t is made of the co-
To solve the system, we calculate the determmant a . th

efficients. But since in the folloving we shall refer to other determinants 1at
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. this one of the same determinant, we write this last one6-I,are mmnors, as , • we
call M the determinant

o Pi pP p, P,

Pi Pu P2 p .. P
p P2 'P22 P3 .. 'P2n

p, P3 P32 P3 .. P3,

Pn 'Pnt P,2 P, .. 'Pnn

in which che numbering of rows and columns starts from zero, in arder to
keep the correspondence between the index of the rows and columns with
the index of che goods they consider. It is a symmetrical determinant from
which, suppressing che 0-index row and column and che negative sign, we
derive che funccional determinane R made of all second derivatives of b. We
will denoce a minor of M (or of R), obtained by suppressing some rows or
columns, by che same letter M (or R) subscribing che index of rows and col­
umns suppressed, one beneath che other if twvo o more rows and columns
are suppressed; in any case, the sign of M {or R) changes when the sum of
such indcxes is an odd number. Wich these warnings, it becomes clear that
R=-Ma

At a first stage, it is worthy to notice that M, is egual to che determinane
that is obcained substituting in the j-th column of R che prices p1, p2, ••• p,,
instead of cp11, cp,2, ... cp,n; if a similar substitucion is carried out in che deter­
minane R;;, we gec -M0;. By Cramer rule, we obtain forche system above:

ti

6t In spitc of the similarities wvith the treatment by Pareto (Manuel, cit., App. $ 52), our
procedure has distinctive features, according to the principal aim of the theoretical recon­
struction that is hcrein sketchcd: 1) show the link between the simpler solution of the prob­
lem of equilibrium (for a given good in relation to residuai income) and the more articulated
and generai solution; 2) define stability condition in a more direct way compared to the onc
proposed by Slutsky (op. cit.): in our formulation only thc knowledge of the basic principles
on determinants (minor formation and expansion methods) and of the Cramer Rule for the
solution of a system of linear cquations is rcquired.

In a very rcccnt cssay by H. Shultz Ontcrrelations of demand, Journal o/ Political Econo­
my, August 1933), thc problcm of the equilibrium of the consumer is treated dealing only
partially with the features of the ophelimity index function (see specially pp. 477.481). These
features are at a first stage brought into the analysis, but later it is assumed that marginal utili­
tyof mcome rcmams constant; furrhermore linear demand functions (or at )case of a predeter­
mined type) are assumed; this hypothcsis cannot be easily justified from a theoretical point o!
view, but is corroborated by the empirica) investigations thac are carried out by the author.
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[Il]

h, :r 3,
Since Y == ~ Pixi• t at 15 4:- Pi- = 1, we yield:

I i y

0x.2==.i y

and reading [ 11],

[12] R;; = R;;
2, M M
i I/

15. We can define fx;,(or 'Px;,) as the ratio between che change in p,,
due to an infinitesima! increase in y, and che increase itself, or as che ratio
beteen the change in p,, due to an infinitesima! increase in x, and the in­
crease itself. The two definitions coincide for the genera! principle that im­
poses the equality of the two second cross-derivatives (continous at a given
point) of a two-variable function; we will use the first, that we find more
tractable, to find the value of 'Px;y. lt is anyway possible to show this identi­
ty calculating 'Pvx if we set up the problem according to the way indicated
at the beginning of the next section (in which however we sull write ,,,)-

We yield:

0x, 0x,
tn :tfl,--+cpi--+ ...
T'x;y T'h a y I a y

.
I

\.

x, ?x,a 0x,
+(fl .. --+tn-. 1-+ ... +cp,n a '

••• T'1,1-l dy T'i,I+ dy y

where, for [11] and [12],
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M.
ùx,= __j_ (j=l,2, ...i-1,i+l ...n).
0y M,

le follows

1
o =-5o M:
tx,y - M ,t..,r,, °''ii i ,,

and remarking that

[13]

we obtain eventually

[14]

M =-,M+2e, M,
oi i ij

-----=
M,

16. lt remains to find f,, wvhich is different from p since an increase in
X; determincs changcs in thc sharing of y among all remaining goods; we
havc therefore to find thc changes in x,, 3, ... X;_ i, X; • ., x,,. Hcre, as in S 14,
we can write n -1 equations to define p,, (that is egual to 'Px;,); the first of
them is:

ùx,,... + 'Pi,, -- = 11. cp - m, .•) t I x;)y YIi»
0x,

and it is easy to write analogous equations for che other goods. By Cramer
rule, we obrain:

[15]

216



where Hvi is rhe determinanr obrained subsrirurin · R h
1I ( d · h g m ii eac e emenr of chej-th co umn accor mg to t e numbering of rows a d I . h

R) · h h I h n columns in the determinant wIt! th1e e emenr r at belongs ro che sa d I ,me row an coIumn i; we
easily see that H, = MoJ· Afrer having mulriplied borh sides

1
· [l5] e '

oi In tor p,
we take rhe sum and obtain: v

R,
0x..,'=i x,

2e, M., .M, L...-r,, oj
j oi j oi,

R,i

We can now notice rhat -I cp,1 M01 = I, 'Pii R,; = R-, R,,; reading
j , oi j I/ tt»

[13] and [14], we yield:

217 .
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M3, M..---+--
M,, M. M.

oi oi
Af ..

/I

The final expression can take the following form:

/, élx M- RJ Il
ii= 'P;; ='Pii+ "i,cp,.,a.= <p;,,--+-.

I x, R,-,- R,.i

and consequently

Exploiring a property of adjunr determinanrs6',

65 lf we defìne M' the adjunt of che determinant M (that is che determinane whose ele­
ments are the algebraic complements of che omologous of M) the following proposition holds
(wc quote from L. Berzolari, Determinanti, Encidopedia delle matematiche elementari, Milano,
Hoepli, 1932, p. 87, adapting the quotation to our notation): «If D. and D.' are two minor of
order h omologous in M and M' (that means built up with horizontals and verticals occupying
the same places in M and M' ), A' is equa) to che produce of Mh- 1 with che algebraic comple­
mcnts of ». From this proposition, if h = 2 and rows ond columns of M to which che ele­
mcnts of D. belong have - the oncs and the others - che index O, i then [15) follows immedi­
atly. (It is importnnt to keep in mind that M is a symmetrical determinane, so that M, = Mi0).
Slucsky, in the above mentioned work ($$ 5 and 7), make skilfully use of this theorem.



(16]

we get

[17]

M M- -Mo2,·= Af Mai•00 Il .
01

p, M., M
- p tn --+-cp,,. = I T'X,1 - Af.. Af ..

Il Il

17. Reading the values in sections 14-16, the expression [l], [2], [3] be­
come respectively (for good A,)

• 1[2• M) LM!- y,+ 1,-,
cp, M,, cp1 M,.,. M,.,. cp1 M,.,.

where p,, since we are at equilibrium, is egual to m (margina! ophelimity of
income) and y = -p,. If we plug che value found for the expressions (l]
and [4], expressions [5] and [6], can be transformed in a way such to deal
explicity with all goods:

[18] x, M M.m=x, .
0, M " M'

0x, M,--=--iJp M

After such a transformation, the problem of che stability of equilibrium
stili emerges. Since y must be positive, for each of the n goods67, the stabili-

ty condition becomes the following: - ..!_ M > O, that is, since m is positive
m M,

by its own nature:

[19] M
- < O (i= 1, 2, ... n).
M,

. .
66

For positions different from that of equilibrium, the argumems proposed still hold: it
1s JUSt needed to subst1tute (in the determinane M also) the value -y with p,

67 If f h f h <il ,.. or eac O I e n goods the indifference curves (Fig. 2) are at each point conve
with respect to the axes, only the equilibrium position is unique. Amoroso, in the work Di­
scussione del sistema di equazioni che definiscono l'equilibrio del consumatore, Annal
d economia, 1928, makes explicit use of this hypothesis.
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/hen does this condition hold?
1) Let's consider this typical case. Let's define R th · f R h •. h o e mmor o t at is

obtained by supprcssmg t e last n - l rows and columns· th b di·f h • e a ove con -
tion holds 1 t e sequence

[20]

exihibits only variations of sign (Rl1l < O, R{2) > O, ...). In fact in this case·
a) «all principal minors of R are different from zero: positive or negative

according to whether their order is even or odd%%: in particular rherefore
R .. and R are of opposit sign. " "

Il

b) M is negative. To give a proof of this statement let's notice that MR " 'o
che minor of M obtained analogously to R, if we apply the relationship [16]
to M1,1 instead ofM, is in genera! given by:

M R, +M?,- J.'f, 0,1+1, ... ,r

i .... ,,
Mw=-------­

R,

that is

[21]

M.,a....
M, M, •--=--+----
R R R,n R

This amounts to say° that M(i) can in any case be represented by a sum
R

of fractions which have positive numerator and denominator egual to the
product of twvo subsequent minors in sequence [20]. If in this expressions
only variations of sign are present, all denominators of the above fracuons

are negative; the, " 2o, M < O. In particular, since the number of varia­
tions or permanenc~'bf sign ~ sequence [20] is independent from the rank-

ing of the good"", each good A, can be considered as last, so that M;; <O•. R,,

68 Berzolari, op. cit., p. 150.
69 Sec SI k · 9utsl.y, op. ct., p. .
70 Berzolari, op. cii., p. 148.
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It is straightforward to see that the present case coincides to the one th
has been defined normai in § 13. In fact, the second expression in [9] corre.
sponds to the following disequality:

[22]

B ._ R_ ,, negative, the first in [9] is necessarily verified.eIng = Y' YYlìl

M,
2) Apart from che normal case, if the elements of M assume particular

values, it may still happen that disequality [ 19] holds for all goods, but this
is very unlikely to come. lt is worthy to mention just a single, exceptional
case, which can be defined by simple generic propositions: it is the case
where the sequence [20] exhibits just one permanence of sign, and fur­

thermore M > O. Suppose the permanence of sign to be between the minors
R

Rn and Rvi· Then the fractions that form the addenda in the sum in which

M can change are all negative but the one that presents as denominator che
R

d R R F h I 2 . 1 h M1h1 O Mu, . . d .pro uct Ci- 11 1• or = , , ... ;- , t en -- < · -- 1s mstea pos1-
Ra," R,

tive since greater than M that is positive: by the same token, the ratios
R

Mu,, where k = j+ I, ... n-l, are all positive. This is enough to claim that
Rao

the sequence Mm = pf, M(2), ... M,n-ll• M exhibits only variations of sign.
Since this occurrence is independent from the ranking in which goods are
considered, the disequality [ 19] stili holds in this case. As far as the ratios
R
~ are concerned, it is not possible to state univocally if they are negative
Il

or positive in sign; it is certain (but we find it useless to prove) only that if

in any rank of goods R Ra > 0, then for>j, ' 2o. We ca moreo­
Ra

R, Rver notice that hM. = 'Pyy(ì) as apposite sign to the one of
Il R;;

since
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M R M R
-- and therefore - < O (opposite disequality to (22]).17,u.R& M.

Il

We now discuss briefly this last expression.

':,
i

X p cp Ò y' .
----'"~ = -x -- . Expressions [4],
, 0y

e=[23]

11 • • I • labour supply, derives a similar expression, as W.
R. Fnsch (op. cit., p. 97) analystng S d. '"b d'e Elastizitat des Angebots,

Leonticf, undcr particulur assumpttons, m tu ien u er 1

Weilwirlschaftlisches Archiv, January 1932, P· 82.
221

Defining e = a X p ' the elasticity of demand, we geti'.
Jpx

x 1 w,-=--
p pw,-,

dx x +w,-=-

(5], and [6] become:

increasing) of the money spent, that is

18. When the utilities of single goods are supposed independent, the re­
lationships mentioned above simplify considerably.

Let's denote w, the flexibility of the marginal utility of the good, that is

~= _ ~ d y' and w, the flexibility of the marginal utility (in most cases
'Px p 0x



h. onh.Since y" muse be greater than zero, t at 1s w" - w, < t e s1gn of

(dx) is opposite to the one of che numerator of the fraction above men.

op x.
tioned: similarly, che sign of d p 1s che same of w,. If w,> 0, that is ,, <0,

we get a ,0,e<0, even if w, is positive (bue smaller than w,). If w, < o,
Op

chat is cp
11
> O,e < O, and e ~ O according to whether 1 + w, 50.

As far as indepenleCc consumptions are concerned, in the normai case
we have, for any good w, < O, and w,> 0, apart from the normal case, when
che sequence (20] exhibits only one permanence of sign (that is the case
whcre the second derivatives p, are ali negative but one), we can consider:
eithcr che good with a positive second derivative of the utility, and then we
havc on one side w,> 0, on the other (as it will become apparent from che
forthcoming formula (26] w, > O, or any other good, and then these flexibili­
ties will be opposite in sign (see again equation [26]). We therefore have to
consider three hypotheses:

a) w,< O, w, > O. This is che normal case; taking into account the posi-

tive expression - (that represents che elasticiy of che need, that is of the
w

utility curve of the good at the equilibrium~ point), reading [23] it is easy to

show that if --1- ~ 1, than also,

b) w,>0, ws > O, (and , > w,). Then -e> 1 holds: therefore, rising che
price, the expenditure in the good considered decreases, and che consump·
tion of che other goods increases.

) dx
c) w,<O, w,<0, (and w,>w,). might then be greater than zero; as

? p

72 Ricci shows graphicall h' · a1· • de·, . Y t 15 mequ ity m the paper Può una curva di domanda essercrescente. , at sectuon 41.
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a matter of fact, this occurrence does not give proper account of che real
case of a variation of the pnce and of demanded quantity in the same direc­
tion.

19. Maintaining the hypothesis of independence of goods, and knowing

0x
che empirical values of - and of E for a given good (on chis poinc recalidp ,

what has been stressed in § 12), it is easy to compute the values for w, and

d f. h . a x w,w, Let's le me À t e express1on -p-'.Reading [23], we get:
Op w,-w,

223

,

1+d_­
€­

Aw =-­, €­

1 i } k--=-+-+... +-.
d m 'Pi I 'P22 <p,,,,

ilp

This stems directly from the following equalities

[24]

At this stage, the elasticity of the marginal utility (m) of income at equi­

librium can be determined; by [12], we yield cp11u, = R;; . If now, instead of
M,

considering the residuai income spent in n - l goods, we consider p spent in

al l ilm R Thi .the purchase of all other n goods, we obtain an ogous y -- = - . s 1s
ilp M

true in generai: under che particular assumption of independent goods, we
can write:

[25]



. . ith respect toand recalling that d, = p,dx,_ + P2dx2 + ... + p,,dx,,. If
denvmg w .d il goods but A, it is worthy to notice that (25] yields thewe now cons1 er a '
following equality:

[26)
2

_l _ = L !!.L (j = l, 2, ... i - l, i+ l, ...n)
P5 iP

from wich it can be inferred what has been above stated about the sign of ,
for different goods, whenever one of them exhibits increasing marginal utility.

Plugging now the definitions for w, and w, (g1ven at S 18 for the case of

. p px 1 px ·
a generic good) according to which -- = -- ,- = --- , we obtam:

P mw, P, mw,

=±!-:::)
Òp

ùm pand, once defined w, the flexibility -- - ,a p m

[27) 1 px ( 1 1 }-=- ---
u, p w, ,

. If the hypothesis of independent utilities is well-grounded, the expression
wrmen above73 together with (24) should lead in practice to approximacely
equal results, if it is applied for (average) different consumptions of an eco­
nomically homogenous social rank.

20. Anyway, in order to determine w, it is not necessary to assume that

73 The forthco · · [ a 111 d inmng expression 28] allows to obtain the ratio between - an 111
p

athnothehr way, dwhen at least one good has utility independent from the available quantities oe ot er goo s.
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ali goods have indepcndent utilities; it suffices that · d .
A I f 'f II JUSt one goo is such forinstance , . n act, I a second cross-derivates ,P1, P,... P, are zero, then

M,__"e, using [16], we derive the equaliy
oi p

that, given (18], omitting for sake of semplicity the index 1, becomes:

(28]

It is important to notice that, when the ratio berveen ad m is
M

known by [28], ir becomes theorerically possible ro derermine the ratio be­
tween each second derivative of che ophelimiry funcrion and m: that function
becomes therefore univocally known in the neighborhood of the equilibrium
point (keeping arbicrary only che choice of the unit of measurement).

G. [18] h · · Mo; M,-, ( · I 2 ) kn1ven , the quanuues - , m - 1 = , , ... n are own or
M M

knowable; and so are che quancities m M;, (j differenc from i), since
M

,,
'·I

(29)

Knowing rhese quanticies, once a positive vaiue is attributed to m (for in­
stance, 1), we can obtain ali che values - bue one - of the determmant m­
verse to -M (each of them is given by che ratio between che algebraic com­
Plement of the omologous element in M and M itselD). The only element that
cannot be determined recurring to those quantities, the one bclongmg to
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O d 1 mn O -~ is given by [28]. Once all the elements of the drow an co u , M ·
terminant inverse to -M are knon, we obtain all the elements of -M (or R)
computing the inverse of such determmant. .

Since it is not improbable to assume that at least one good, which ma
satisfy a primary need, exhibits an utility independent from other goods,
then we can conclude that it is always possible to specify the ophelimity
function (in a given arca) by means of objective data (whenever available).
is important to verify if those data might singularly be recovered by experi­
ence. We admit that this is not likely even in a long span of time. If we recur
to the procedure that consists in an inquiry based upon hypothetical price
and income variacions, it is very likely to obtain inconsistent results, since the
economie agent is able to meet real contingencies, but it is extremely uncer­
tain that she can imagine separately, and consistently all possible variations,
when just a few really occur (in a short span of time), and the most jointly
the samc time. In order to empirically determine che derivativcs of margina!
utilities, it is therefore necessary to follow approximate methodologies, like
the ones just skecched in the previous section.

21. In conclusion, we turn again to the issue of substitutability and com­
plementarity among goods. In this regard, we will carry out only some re­
marks conccrning, firstly, the very definition of the ratio betwcen these
goods, secondly, the shifts from market equilibrium.

As far as che definition is concerned, a dilemma emerges: should we re·
sort to subjective criteria, that are seldom observed in reality, or, on the con­
trary, to the outward behavior of the consumer? The question often arises,
since the cases of per/ect substitutability or complementerity are extremely
rare; the distinction, apart from extreme cases, turns out to be inevitably
fuzzy. A possible subjective criterion consists in reading the sign of the sec­
ond cross-derivative of the ophelimity function with respect to the two goods
considered; if this derivative is positive, the two goods are complementary;
negative, they are substitutes. An objective criterion consists in studying che
direction of price variations of two goods in the market, when the quancicy
supphed of one of the goods increases or decreases1-1_ With regard to che
case of two goods _in which all incarne is spent (or for a given good and re­
sidual income). With regard to the case of two goods in which all income
spent (or for a given good and residua} income), Johnsonn proposed a mech­
odology that was subjective, but that was based on objective grounds; ac-

7 See H. Dalton, The inequalily of incomes, London 1925 190
75 Ibidem, pp. 495 and ff. ' ' ',P. .
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cording co Johnson, the sign of the expression ~ is positive if there is a
0 p

complementarity relationship between the goods, and is negative for one, but

positive for the other if the goods are substitutes. It seems that if one is in­
tended to study the relationship between two goods, without leaving out of
account the influence of all other goods, the best criterion is the one related
to the sign of the ~o-called «residuai variability of a good for a cornpensated
variation in the price of the other good»", for the immediate evidence of its
subjective meaning, and for its objective display. Reading (29], and recalling
[18], if the price of the good A, increases of the amount dp, and income in­
creases of the quantity xdp, in order to fully compensate this price change,

the ratio between the change in consumption of Ai and the increase dp, is

egual to m M;i ; now, when the sign of this ratio - the above-mentioned re-
M

sidual variability - is positive, we can claim to have discovered a substituta-
bility relationship betwveen goods (since simultaneously x1 decreases)

77•

As far as the analysis of the shifts frorn equilibrium is concerned, it is
worthy to notice that if two or more goods are linked by a particular rela­
tionship of interdipendence, then it is not convenient to schedule a simple
demand curve for each individual, but it is necessary to establish a more ar­
ticulated relationship between the demanded quantities of each of the tvo
goods (just to limit ourself to che simplest case) and che prices of both. Each
individual presents therefore a couple of functions in twvo variables. This al­
lows to determine the change in the market equilibrium, defining che total
demanded quant ities as sum of individually demanded quantities, expressing
the coincidence of prices and marginai cost and indicating (in conformity to
the hypothesis introduced) the total supplied quantities.

In this formulation, if the analytical framework is correcly specified, the
factors affecting individual demand functions are not fully explained. Wc can
understand fro~ this why Fanno;s has appropriately deepened the analysis of

76 Slutsky, op. àt., p. 15, where it is ulso stressed that these variations are reversible: one
can reverse the two goods without changing the outcome. . .

77 lt is worthy to notice that in che special case in which ali second derivatives of b ob­
tained by deriving vice with respect to the same variable are negative, and the second cross-

derivatives are ali null but p which is negative, che ratio :t is certainly positive (when the

Sequence [20] ehibits only variations of sign). If p is positive, the above-mentioned ratio
might be positive or negative. It is certainly positive if p, is null (in this case [20] exhibits
necessarily only variations of sign).

78 Contributo alla teoria dei beni succedanei, Annali di Economia, 1926.
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thcsc foctors, assuming that links of interdipcndence between the substitutc
goods considcrcd cxist (we pass over the above-mentioned difficulties inher­
ent to the definition) and that the utilities of other goods are indcpendent
from them. Thc following graphical analysis captures the distintive features
of the core of Fanno's cheory:

Let's define X and Z two substitute goods, and with p, and p, their mar­
ket prices. The individual reaches the equilibriurn scheduling firstly a de­
mand function for onc of these goods, X for instance, under the hypothesis
of incxistence of the other; according to the criterion shown in fig. 2 che de­
mand curve (fig. 3) is BE (monetary income OB). For a given value of Px, be
0A the demanded quantity. Let's plug (see che lower part of the figure)

systcm of indifference curves between X and Z: since O'A' = 0A, let's drav

straight line from A' so that the ratio DC indicating its slope on the 0'x
CA'

axes, be egual to N = Px. Moving from A' along the line just dravn, the

consumer docs nor alter'ffe quantity y of residua! income spent for the other
goods; once we introduce the questionable hypothesis that it will become
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rofitable for the consumer to change the quantity of money y allotted for
the other goods, it wvill be convenicnt for hcr to move up to D h h. . , w ere te
line bccomes tangent to an indifference curve. Thc purchased quantity of X
is therefore O'C, and the quantity of Z is CD. Fanno;9 schcdulcs analogously
comprehensive indifference curve for the market, but ve are not sure that
chis procedure is absolutely correct. Leaving out of considerarion chis ne­
glectable flaw, from the sketch just presented it becomes apparent that Fan­
no's reconstruction allowvs to grasp important rheoretical findings, especially
since it considers the mfluence of a higher or lower variabiliry of che substi­
tution ratio (egual to the slope of the indifference curve) in che neighbor­
hood of the equilibrium point.

The long list of arguments rhat have been extensively developed or rapidly
sketched may end with a final rcmark. Even if we limited ourselves to small
shifts from equilibrium, wc secceeded in giving account of the essence of the
reckoning carried out by the consumer. Being so generai, this reckoning is not
restricted by particular psycological premises; the opinions of those who ex­
pece a revision of economie rheory from the achievements of psycological dis­
ciplines are not well-grounded. However, che comparison among the different
hedonistic situations is complex, in spire of che simplicity of che premises,
both in the case of independence of consumption and in che more articulated
case of interdependence. Since it is always necessary to refer to a static frame­
work, we are not able and maybe we will never be able to ascertain this com­
parison in ali details: we will be content with approximate confirmations, that
will not add much to what persona! introspection can suggesr.

Nevertheless, the doctrines that hinge on utility constitute the philosophi­
cal branch of economics. They interpret, analyse, and systematise the eco­
nomie concern of human behavior. As such, even though they may seem too
obscure or subtles, they cannot be abandoned.

79 O. cit., p. 385.
80 e indicate here che reasons for our skepticism. Once we know and suppose fixed the

starting points for all individuals, then we can legitimately deduct from a system of individuai
indifference curves a system of curves for che market; as a matter of fact, an indifference
curve tangent to the line expressing che pricc corresponds to a slope of this price line, for
each individuai; such curves can be validly summed up according to the procedure indicated
by Fanno. As far as substitute goods are concerned, the starting points (A' in fìg. 3) change as
P, changes, and the indifference curve for the market cannot be drawn. 1t is however possible
to maintain the graphical representation. that is undoubtedly useful, and schedule a system of
lines each corresponding to a given value of the ratio N. WVe sketch here briefly this method­
ology. lt is easy to draw the lines we have just mentioned for each individual: each of them m­
tersects the indifference curves; in correspondance of each point the equilibrium may occur
for a variable value of p, (and consequently, since N is constant along the line, for a value of
P). In order to draw the corresponding lines for the market, it is necessary that for each of
them -- that is for each value of N - coordinates equal to the sum of individua! coordinates
correspond to each value of ,.
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